
outcome with the resource allocation and utilities derived by the two population
groups in a gerontocratic society.

4 Welfare Maximization
We consider the decision of a utilitarian social planner who maximizes welfare by
allocating the budget across municipalities and across the two types of publicly
provided goods. The social planner is not restricted to the budget constraints of
the individual municipalities but has to obey the aggregate budget constraint.
The social planner has no power over individual migration decisions. The mobile
young choose the municipality that grants the highest utility.9

The social planner maximizes the utilitarian welfare function

W = N1U1 +N2U2 +M1V1 +M2V2

by choosing the sizes of the publicly provided goods for the young Yi and for
the elderly Xi (i = 1, 2). She has to take into account the budget constraint10

Y1 + Y2 +X1 +X2 = b · (N1 +N2 +M1 +M2).

Since there are economies of scale in the provision of the public services
(α < 1) and the young are perfectly mobile, it is always optimal for the social
planner to provide the public services for the young in one municipality only.
The young will be concentrated in this municipality. Hence, the social planner’s
maximization problem boils down to

max
Y,X1,X2

W = NU +M1V1 +M2V2

s.t. Y +X1 +X2 = b · (N +M1 +M2).

The subscript on Y is dropped because the young reside in one community only.
Maximization of the welfare function yields the following provision levels:

YW =
b

Nγ +Mγ
1 +Mγ

2

·Nγ (13)

XW
i =

b

Nγ +Mγ
1 +Mγ

2

·Mγ
i (14)

with i = 1, 2 and γ ≡ 1−αβ
1−β . Note that, due to α > 1/2, we always have

γ > 1. The provision levels depend on the aggregate budget constraint and on
9Alternatively, we could assume that the social planner maximizes welfare for a given distri-

bution of the young population, i.e. half of the young population resides in each municipality
as it is the case in the symmetric Nash equilibrium. We discuss alternative specifications of
the social planner at the end of this section.

10 Even though we have normalized the total population to unity, we explicitly keep the size
of the distinct population groups in the formula to facilitate interpretation.
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the relative share of the population groups. The provision level increases in the
size of a population group. Hence, with ageing, the social planner will provide
more of the publicly provided goods for the elderly and less for the young.

The more interesting question is how the utilities of the different groups are
affected by an ageing society. Using the notation for the share of the elderly s
and the distribution of the elderly m1,m2, we obtain the utility levels as

UW =

[
b · (1− s)

1−α
1−β

(1− s)γ + sγ · (mγ
1 +mγ

2)

]β
(15)

VWi =

[
b · (s ·mi)

1−α
1−β

(1− s)γ + sγ · (mγ
1 +mγ

2)

]β
(16)

for i = 1, 2. As we have seen before, a decreasing young population will lead
to lower provision levels. However, the good also has to be shared among fewer
young inhabitants. For the elderly, the larger group size leads to higher provision
levels. The larger publicly provided good has to be shared among more users.
The net effect of ageing on the utility of the young and the old is summarized
in

Proposition 2. (a) With welfare maximization, ageing leads to a lower pro-
vision of the publicly provided good for the young and a higher provision for
the elderly. (b) Ageing causes a decline of the utility of the young population,
whereas the effect on the utility of the old population is ambiguous.

Proof. (a) Immediately follows from the derivatives of (13) and (14). (b)
Taking the derivative of UW with respect to s leads to

∂UW

∂s
R 0⇔ α · (1− s)γ + sγ(mγ

1 +mγ
2)(α− γ

s
) R 0. (17)

We evaluate the left-hand side at the maximum and show that it will never
exceed 0. Note that α − γ/s < 0. Hence, the left-hand side will be maximized
for m1 = m2 = 1

2 . As the expression grows in α, it has to be evaluated at
α = 1, which implies γ = 0. The left-hand side becomes zero at the maximum
and therefore ∂UW

∂s ≤ 0. For the elderly, the sign of the derivative of Vi will
depend on

∂VWi
∂s

R 0⇔ (1− s)γ−1

[
1− α
1− β

+ αs

]
− αsγ(mγ

1 +mγ
2) R 0. (18)

For very old societies (s → 1), the derivative becomes negative. Hence, the
elderly lose from further ageing. For s = 1

2 and an equally distributed elderly
population m1 = m2 = 1

2 , the derivative is strictly positive. Here, the elderly
gain from an ageing society.

As in the case of a gerontocracy, the elderly gain for a certain combination
of ageing (s) and crowding (α). However, beyond a certain threshold they lose.
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In Section 5, we compare the impact of ageing on the resource allocation under
the social planner and the gerontocrat.

The above approach also allows us to analyze the consequences of hetero-
geneities in the ageing process. One of the main challenges for ageing societies is
the large heterogeneity among municipalities. Whereas one region is still fairly
young, the other already has a large number of elderly. How will differences in
the number of elderly affect the provision of publicly provided goods? Without
loss of generality, let municipality 1 have more old inhabitants than municipality
2: m1 = 0.5 + η and m2 = 0.5− η with η ∈ (0, 0.5].

Proposition 3. A more unequal distribution of the elderly population reduces
the provision of the publicly provided good for the young and, therefore, the
utility of this group.

Proof. We rewrite (13) as

YW =
b · (1− s)γ

(1− s)γ + sγ [(0.5 + η)γ + (0.5− η)γ ]
. (19)

Differentiating with respect to η yields

∂YW

∂η
= −YW sγγ[(0.5 + η)γ−1 − (0.5− η)γ−1]

(1− s)γ + sγ [(0.5 + η)γ + (0.5− η)γ ]
< 0. (20)

As the size of the young population is fixed, the utility of this group
(

YW

(1−s)α

)β
must also decline when heterogeneity increases.

This result suggests that the young population will suffer more from an
ageing society if the elderly population is more unequally distributed across
municipalities. An unequal distribution of the immobile old makes it more
expensive for the social planner to provide the publicly provided good for the
elderly. As a consequence, the provision of the publicly provided good for the
young is reduced. The impact of a more unequal population distribution on
the elderly is ambiguous. Depending on the size of the elderly population (s)
and on the degree of heterogeneity (η), the elderly population may gain or lose
when the distribution becomes more unequal. The rising cost of provision may
be offset by the changing group size.

Due to economies of scale, the provision of the publicly provided good for
the mobile young will only take place in one of the two municipalities under
welfare maximization. However, this result may not be in line with regional
policy which stipulates "equal living conditions" or "equal opportunities" in all
regions of a country. By requiring provision for the young in both municipalities
(e.g., assuming Y1 = Y2), the effect of such policy can easily be integrated into
the current framework. The additional constraint forces the social planner to
lower the provision for both young and old. The qualitative effects of ageing,
however, remain the same. For simplicity, we adhere to the first-best welfare
solution in the subsequent section.
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5 Comparison of the Gerontocracy and Welfare
Maximization

The two preceding sections have shown that, with both gerontocracy and welfare
maximization, ageing leads to a lower provision of publicly provided goods for
the young and a higher provision for the elderly. Dominance of the elderly in a
gerontocracy would suggest that the provision of the publicly provided good for
the young remains on an inefficiently low level in gerontocratic municipalities.
However, the exploitation of the young is limited as the municipalities have to
compete for the mobile young. This raises the question whether the provision
of the publicly provided good for the young remains on an inefficiently low level
in gerontocracies or whether, due to fiscal competition, the provision may even
exceed the welfare maximizing level beyond a certain level of ageing.

In order to compare the provision levels in the two scenarios (gerontocracy
and social planner), we rewrite the provision level for the young in a gerontocracy
[see Eq. (8)] as

Y G =
b · (1− s)

4α
(21)

and in the case of a social planner [see Eq. (13)] as

YW =
b · (1− s)γ

(1− s)γ + sγ · (mγ
1 +mγ

2)
. (22)

Note that the comparison is carried out for gerontocratic societies (s ≥ 1
2 ) and

for publicly provided goods with some crowding (α ∈ [0.5, 1]). Rearranging the
terms leads to

YW R Y G ⇔ [4α− (1− s)] · (1− s)γ−1 R sγ · (mγ
1 +mγ

2) (23)

This comparison yields

Proposition 4. The publicly provided good for the young is provided on an
inefficiently low level for ‘young’ gerontocracies but is provided on an inefficiently
large scale for ‘old’ gerontocracies.

Proof. Define lhs ≡ [4α− (1− s)] · (1− s)γ−1 and rhs ≡ sγ · (mγ
1 +mγ

2). The
right-hand side of (23) increases in s (∂rhs∂s > 0). Differentiating the left-hand
side of (23) yields ∂lhs

∂s = (1 − s)γ−2 · [−(γ − 1)4α+ γ(1− s)]. The left-hand
side of (23) has a maximum at s = 1 − γ−1

γ 4α < 1, as ∂2lhs
∂s2 < 0. We have

lhs > rhs at s = 0.5 and lhs < rhs at s = 1. Hence, there is one critical level
s0 for which s R s0 ⇔ Y G R YW .

When the elderly gain the majority in a society, a gerontocracy will initially
use its power to exploit the young. The provision of the publicly provided good
for the young remains on an inefficiently low level. Accordingly, the provision of
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the publicly provided good for the elderly is excessively large. However, when
the society grows older, fiscal competition eventually forces the gerontocracy to
provide more of the publicly provided good than the social planner.

This results in the critical level s0, beyond which an ageing society provides
an excessive amount of publicly provided goods for the young. The variable s0
can be used to carry out some interesting comparative statics. Let

e ≡ [4α− (1− s0)] · (1− s0)γ−1 − sγ0 · ((0.5 + η)γ + (0.5− η)γ) (24)

where we have replaced m1 and m2 with 0.5 + η and 0.5 − η, respectively, to
analyze the impact of a more unequal distribution of the elderly population.
Differentiating (24) immediately yields ∂e

∂s0
< 0 (see the Proof to Proposition 4)

and ∂e
∂η < 0. Differentiating with respect to the crowding parameter α leads to

∂e

∂α
=4(1− s0)γ−1 − b

1− b
sγ ·

{(0.5 + η)γ [ln(1− s0)− ln(s0)− ln(0.5 + η)] +
+ (0.5− η)γ [ln(1− s0)− ln(s0)− ln(0.5− η)]}

. (25)

Numeric evaluation of this expression shows that ∂e
∂α > 0. Hence, we get the

following comparative statics results:

ds0
dη

= − ∂e/∂η

∂e/∂s0
< 0 (26)

and
ds0
dα

= − ∂e/∂α
∂e/∂s0

> 0. (27)

The excessive provision of the publicly provided good for the young is reached
earlier, i.e. with a lower share of the elderly s, when the population is more un-
equally distributed across the municipalities (η) and when the publicly provided
good exhibits less crowding (lower α).

So far we have focused on a comparison of the provision levels. However,
since the provision level is dependent on the number of users, the utility levels
achieved by the population should be considered. We can immediately state
that the utility of the young will be higher in a gerontocracy if the gerontocracy
provides more publicly provided goods for the young than the social planner.
Note that the gerontocracies provide the publicly provided good in each munic-
ipality whereas the social planner concentrates her expenditures for the young
in one municipality. Hence, the larger publicly provided good has to be shared
among fewer young people in a gerontocracy. In this case, the young must be
better off in a gerontocracy. Even with a slightly smaller provision level in
gerontocracies, the young may gain due to the fiscal competition effect. To ob-
tain the general condition for the young being better off in a gerontocracy, we
compare the utility levels in the two scenarios. The utility of the young is

12



UGi =
(
b · (1− s)1−α

22−α · α

)β
(28)

in a gerontocracy [see Eq. (10)] and

UW =

(
b · (1− s)

1−α
1−β

(1− s)γ + sγ · (mγ
1 +mγ

2)

)β
(29)

with a social planner [see Eq. (15)]. The comparison of the utility of a young
person in a gerontocracy and in a welfare maximizing society then yields

UW R UG ⇔
[
22−αα− (1− s)

]
· (1− s)γ−1 R sγ · (mγ

1 +mγ
2) . (30)

This comparison has the same qualitative structure as Eq. (23), where the
provision quantities of the two scenarios are compared. Let s̄ denote the critical
share of the elderly where the utilities the young achieve are the same in a
gerontocracy and in a welfare maximizing society (UW = UG). As we have
22−α ≤ 4, we immediately get s̄ ≤ s0. This implies that UG > UW occurs
’sooner’, i.e. at a lower s, than for the case when Y G > YW . The young arrive
at inefficiently low utility levels in moderate gerontocracies. However, when
society grows older, the young even benefit. Due to fiscal competition, their
utility exceeds the welfare maximizing level.

6 Conclusion
We have developed a simple framework that allows us to analyze the fiscal
competition of ageing municipalities. The ageing of a society will lead to shifts
in the provision of public services. When ageing advances, it is optimal from
a welfare maximizing point of view to gradually substitute publicly provided
goods aimed at the young population with publicly provided goods preferred by
the elderly population. This substitution process does not only depend on the
ageing itself but also on the degree of crowding and on the regional distribution
of the elderly population.

Once the elderly gain the majority in society, they use their power to reduce
the provision of the publicly provided good for the young to an inefficiently
low level. As our analysis has shown, the downscaling of the provision of the
publicly provided good proceeds even slower in a gerontocracy than in a welfare
maximizing society. The driving force behind this phenomenon is the fiscal
competition for the mobile young among the municipalities. When the share of
the elderly is sufficiently large, the utility of the young is higher in gerontocracies
than in welfare maximizing societies. Ultimately, the gerontocracies will provide
even more of the publicly provided good for the young than the social planner.
Put differently: The threat of ageing towns is not so much the exploitation of the
young but rather the excessive incentives for making municipalities attractive
for the mobile young. The enormous investments in sports facilities and in
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family-friendly environments which currently occur in the rapidly ageing rural
areas in eastern Germany may already be telling examples of this trend.

To our knowledge, this paper is the first attempt to analyze the consequences
of fiscal competition in ageing societies. Our approach is admittedly simple to
highlight the main driving forces of this process. Many open questions remain
for future research. First, we have focused on the ageing process but a declin-
ing population size may also result from the ongoing demographic transition.
Second, generations may be linked by altruistic motives. The elderly may care
for the well-being of their children. Such intergenerational links may also create
barriers to mobility for the young, which affects fiscal competition and may even
lead to path dependence in the population distribution. Third, the complexity
of municipal decision-making goes far beyond the simple provision of two types
of publicly provided goods. Alternative means of financing through taxes may
change the provision levels of publicly provided goods. Municipalities do not
only compete for households but also for firms. Attracting new investments may
create jobs and generate a subsequent inflow of households. Finally, changes in
the size of publicly provided goods often entail considerable adjustment costs
that have to be taken into account.

A Appendix: Mixed strategy equilibrium
In the case of two gerontocracies, there is a unique pure strategy equilibrium for
α ≥ 1/2. However, when α < 1/2, only a mixed strategy equilibrium exists. In
the following, we derive the equilibrium properties of the gerontocratic solution
in detail.

The first order condition for municipality i is (see Section 3):

FOCi ≡ b ·
N[(

Yj
Yi

) 1
α

+ 1
]2 · Y

1
α
j

α · Y
1
α+1
i

− 1 = 0. (31)

In order to determine the reaction function, we differentiate the first-order con-
dition with respect to Yi and Yj .

∂FOC

∂Yi
=
bN

α2
Y

1
α
j

((
Yj
Yi

) 1
α

+ 1

)−3

Y
− 2
α−2

i

[
(1− α)Y

1
α
j − (1 + α)Y

1
α
i

]
(32)

and

∂FOC

∂Yj
=
bN

α2
Y
− 1
α−1

i

((
Yj
Yi

) 1
α

+ 1

)−3

Y
1
α−1
j

(
−
(
Yj
Yi

) 1
α

+ 1

)
. (33)

Equation (32) gives the second-order condition. In equilibrium, we need
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Figure 2: The Pure Strategy Equilibrium

∂FOC

∂Yi
< 0⇔ Yi >

(
1− α
1 + α

)α
Yj (34)

for a local maximum. The slope of municipality i’s reaction function is given by

dYi
dYj

= −∂FOC/∂Yj
∂FOC/∂Yi

=
Yi
Yj

Y
1
α
i − Y

1
α
j

(1 + α)Y
1
α
i − (1− α)Y

1
α
j

. (35)

The reaction function has a positive slope for Yi < Yj and a negative slope for
Yi > Yj (as long as the second-order condition is fulfilled). Figure 2 illustrates
the equilibrium in pure strategies.

There is a unique symmetric equilibrium with Yi = Yj = bN
4α . So far, we have

neglected the possibility that the municipalities are worse off when competing for
the young. If a municipality has to spend more on the young than it receives via
the per capita grant, it will be better off by withdrawing from fiscal competition.
Hence, in equilibrium, the expenditures on the young must not exceed the grants
received for the young ( bN4α ≤

bN
2 ), which is the case for α ≥ 1/2.

For α < 1/2, the participation constraints for the municipalities become
binding and, therefore, the reaction function exhibits a discontinuity (see Fig-
ure 3). For low provision levels in municipality j, muncipality i competes for
the young by providing a positive amount of the publicly provided good. How-
ever, when the provision in municipality j exceeds the threshold level Ỹj , the
participation constraint becomes binding for municipality i and it reacts with
zero provision for the young. We first determine the threshold Ỹj and then show
that the provision of Ỹj in one municipality and a randomization of provision
in the other municipality is an equilibrium.

The threshold for municipality i is reached when it spends as much on the
publicly provided good as it receives in grants for the young: b · Ni = Yi.
Substituting the equilibrium migration from (5) and solving for Yj yields
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Figure 3: The Mixed Strategy Equilibrium

Yj =
(
bN

Yi
− 1
)α
· Yi. (36)

This expression determines all provisions of publicly provided goods (Yi, Yj)
where municipality i is indifferent between providing Yi and nothing for the
young. In addition, the provision of Yi has to be a local optimum for municipality
i. Therefore, we substitute (36) into the first-order condition (31) and obtain
Yi = (1− α) · b ·N and Ỹj = αα · (1− α)(1−α) · b ·N . If municipality j plays Ỹj ,
municipality i is just indifferent between Yi = (1− α) · b ·N and Yi = 0.

For an equilibrium, municipality i must choose the alternatives Yi = (1 −
α) · b · N with probability pH and Yi = 0 with probability 1 − pH such that
municipality j finds it optimal to play Ỹj . The expected utility of municipality
j amounts to

E [Uj(Yj)] =pH (b(Mj +Nj)− Yj) + (1− pH)(b(Mj +N)− Yj) =

bMj + pH
bN(

(1−α)bN
Yj

)1/α

+ 1
+ (1− pH)bN − Yj . (37)

We get the first order condition for an optimal choice of Yj by differentiating
the expected utility:

∂E [Uj(Yj)]
∂Yj

= pH
bN[(

(1−α)bN
Yj

)1/α

+ 1
]2 [(1− α)bN ]1/α

αY
1/α+1
j

− 1 = 0. (38)

Substituting Yj = Ỹj and solving for pH yields

pH =
(

α

1− α

)α
< 1. (39)
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It is easy to verify from the second order condition that Ỹj is indeed a maximum[
∂2E[Uj(Yj)]

∂Y 2
j

< 0
]
. In the mixed strategy equilibrium, municipality i chooses

Yi = (1− α) · b ·N with probability pH =
(

α
1−α

)α
and Yi = 0 with probability

1− pH . Municipality j (j 6= i) plays Ỹj .
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