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Abstract 
 
This paper develops analytic results for marginal compensated effects of discrete labor supply 
models, including Slutsky equations. It matters, when evaluating marginal compensated effects 
in discrete choice labor supply models, whether one considers wage increase (right marginal 
effects) or wage decrease (left marginal effects). We show how the results obtained can be used 
to calculate the marginal cost of public funds in the context of discrete labor supply models. 
Subsequently, we use the empirical labor supply model of Dagsvik and Strøm (2006) to 
compute numerical compensated (Hicksian) and uncompensated marginal (Marshallian) effects 
resulting from wage changes. The mean Hicksian labor supply elasticities are larger than the 
Marshallian, but the difference is small. 
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1. Introduction   
In microeconomic theory the Slutsky equation plays a fundamental role in the calculation of marginal 

compensated effects (Slutsky, 1915, Hicks, 1936, Varian, 1992). It allows one to compute the 

marginal compensated (Hicksian) labor supply effect (which is unobservable) from the corresponding 

Marshallian marginal labor supply effect. The compensated labor supply elasticity is one of the key 

parameters in the calculation of the deadweight loss of taxation and in the devising an optimal income 

tax policy: see Feldstein (1999) and Saez (2001). Another example is the calculation of the marginal 

cost of public funds, where compensated labor supply responses are widely used: see Jacobs (2018).  

In traditional labor supply models, where the hours of work equation is usually given by a 

closed-form expression, it is straightforward to calculate the compensated marginal effects. In discrete 

labor supply models, the situation is different. Here the labor supply function cannot be expressed on 

closed form. Furthermore, it is stochastic and not differentiable, so one cannot compute marginal, 

individual effects in the usual way. However, one can compute marginal compensated effects of the 

corresponding probability distributions and expectations of labor supply functions. In other words, it 

is possible to compute marginal aggregate compensated labor supply effects.4  

In this paper we shall demonstrate that aggregate Slutsky-type equations exist for discrete 

labor supply models and can be expressed in a convenient way. Subsequently, we propose a novel 

approach to compute marginal cost of public funds in the context of discrete labor supply models.  

Since the mid-1990s empirical labor supply based on the theory of discrete choice and 

random utility representations has become increasingly popular. A major reason for this is that 

discrete choice labor supply models are much more practical than the conventional approach based on 

marginal calculus with a continuum of hours available: see Creedy and Kalb (2005) and the survey by 

Dagsvik et al. (2014). With the discrete choice approach, it is easy to deal with non-linear and non-

convex economic budget constraints, and to apply rather general functional forms in utility 

representations.  

In the literature, basically two versions of discrete models of labor supply have been 

developed. Van Soest (1995) proposed analyzing labor supply as a standard discrete choice problem. 

Dagsvik (1994) proposed a version of the discrete labor supply model framework, later denoted the 

job choice model, which was initially applied empirically by Dagsvik et al. (1988) and Dagsvik and 

Strøm (1992), with further extensions by Dagsvik and Strøm (2006) and Dagsvik and Jia (2016).5 

This last paper also provides an analysis of the identification problem in this kind of model.  

                                                 
4 The first attempt to obtain Slutsky type of relations for discrete choice models seems to be Small and Rosen (1981). Their 
analysis is however of minor relevance for our approach. In the first place, their analysis is about discrete/continuous 
commodity demand. Unfortunately, their analysis is not fully correct, as we shall explain below. 
 
5 Some applications are based on the same framework: see Aaberge et al. (1995) and Aaberge et al. (1999). 
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In the job choice model, labor supply behavior is viewed as a job choice problem, where the 

set of feasible jobs is individual-specific, latent, and finite. The job choice model includes the 

standard discrete choice labor supply model as a special case. From a theoretical point of view, the 

standard discrete labor supply model is similar to the traditional textbook model, where the agent’s 

labor supply decision is based on maximization of utility with respect to consumption and hours of 

work, subject to budget constraint. The only new aspect is that the set of feasible hours of work is 

assumed to be discrete. The job choice model, however, differs from this setup in that the worker is 

also allowed to have preferences over non-pecuniary attributes of jobs. That is, the agent is viewed as 

choosing from a finite and agent-specific set of available “packages” (jobs), where each job is 

characterized by job-specific hours of work and latent non-pecuniary attributes. This framework 

allows us to accommodate observed peaks in the hours of work distribution, which is interpreted as 

the result of more jobs with full-time and part-time hours of work being available than jobs with other 

hours of work schedules.  

In this paper we have focused on analytic results. Alternatively, one could carry out Monte 

Carlo (MC) simulations of marginal compensated effects. However, the task of deriving analytic 

results is of major interest for several reasons. First, it can reveal how marginal compensated and 

uncompensated effects (such as Slutsky-type equations) are related: for example, in which cases the 

marginal compensated and uncompensated wage elasticities are equal. Second, the existence of 

practical analytic results may also facilitate numerical computation. Third, analytic results are usually 

more precise than results based on MC simulations, because they are not plagued by simulation errors. 

Fourth, analytic result can be used to distinguish directly between the impact of wage increase and 

wage decrease on labor supply. The analytic results on compensated marginal effects show some 

unexpected features. Specifically, the left and right marginal effects are in general different. That is, 

the marginal compensated effect resulting from a wage increase differs from the marginal 

compensated effect resulting from a wage decrease.  

By applying the same approach as in Dagsvik and Karlström (2005) and Dagsvik (2018), we 

have obtained marginal effects and Slutsky equations in discrete job choice labor supply models in a 

way that is similar to the textbook case. Subsequently, these analytic results are applied to compute 

marginal compensated effects based on the estimated empirical model of Dagsvik and Strøm (2006). 

In these applications it turns out that with a wage increase the compensated and the uncompensated 

wage elasticities of the mean hours of work are rather close, with the former being slightly larger than 

the latter. The right and left compensated elasticities related to the intensive margin are very close, 

even when the number of discrete alternatives in the choice set is low. However, at the extensive 

margin there is a substantial difference between right and left compensated marginal effects. 

Based on a discrete labor supply model estimated on Norwegian data for married women, we 

find that the labor supply elasticities, compensated and uncompensated, at the extensive and intensive 

margins vary substantially across observed covariates such as wage level, non-labor income, age, and 
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number of children. The labor supply elasticities, compensated and uncompensated, are greatest for 

those with the lowest wages, those with the highest non-labor incomes, and those with many children. 

Thus, according to our estimates of compensated labor supply elasticities, the distortionary effect of 

taxation is stronger for individuals with low wages than for those with high wages. Because of the 

heterogeneity at the micro level, the aggregate labor supply elasticity is not a structural parameter. 

Our concept of marginal cost of funds is based on the aggregate Compensating Variation 

measure, derived from the random expenditure function, and the aggregate compensated tax revenue. 

Our estimate is in the lower range of what others have found, based on quite different approaches.  

The paper proceeds as follows. In Section 2 we present variants of discrete labor supply 

models, ranging from the conventional discrete labor supply model (Van Soest, 1995) to the 

multisectoral job choice model (Dagsvik and Strøm, 2006).  In Section 3 we derive compensated 

marginal effects and Slutsky equations in these labor supply models, Section 4 discusses how the 

aggregate marginal cost of funds can be calculated in discrete choice models. Section 5 illustrates the 

results empirically based on the multisectoral job choice model in Dagsvik and Strøm (2006). Section 

6 concludes.  

 

2. Variants of discrete labor supply models 

2.1. The conventional discrete labor supply model  
We first describe the conventional discrete choice labor supply model (Van Soest, 1995). Let C and h 

denote consumption (disposable income) and hours of work respectively. Let  

  ( , ) ( , ) hC hU u C h ε= +   

be the agent’s utility, where ( , )u C h  is a positive deterministic function that is strictly increasing in 

C and strictly decreasing in h. Let w and y denote the agent’s wage rate and non-labor income and 

( , )f x y  the function that transforms labor and non-labor income to income after tax. Thus,  

  ( , ).C f hw y=  

Hours of work h belongs to a finite set D, which includes zero hours. The terms ,hε ,h D∈  are random 

variables that are supposed to account for unobserved heterogeneity in preferences across alternatives 

and agents, and they are assumed to be i.i.d. with c.d.f. exp( )xe−−  (Gumbel c.d.f.). Note that the 

random variables depend on the choice of hours. Let ( ) ( ; , )h h w yϕ ϕ=  denote the probability of 

supplying h hours given the wage rate and non-labor income ( , )w y  and let 

.( ) ( ; , ) ( ( , ), )v h v h w y u f hw y h= =  It follows from well-known results that the Marshallian 

probability is 

(2.1)  exp( )( )
exp( )

( ( , ), )
( ( , ), )

x D

h u f hw y h
u f xw y x

ϕ

∈

=
∑
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for .h D∈   

 

2.2. The job choice labor supply model 
As mentioned in the introduction, the job choice model, developed by Dagsvik (1994) and further 

developed by Dagsvik and Strøm (2006 and Dagsvik and Jia (2016), allows us to account for latent 

restrictions in the labor market. Such restrictions may explain why the distribution of hours of work 

typically show peaks at full-time and part-time hours of work. Furthermore, the job choice model can 

also accommodate the fact that workers face different restrictions on the set of available (latent) jobs. 

In this model the household derives utility from household consumption, leisure, and non-pecuniary 

latent job attributes.  

Let z = 1, 2..., be an indexation of the jobs and let z = 0 represent not working. The utility 

function is assumed to have the form 

(2.2)  ( , , ) ( , ) ( )U C h z u C h zζ ε= + +    

for h > 0 and 0ζ =  when h = 0. The terms { ( )}zε  are sector- and job-specific random taste shifters. 

The taste shifters { ( )}zε  are assumed to be i.i.d. across jobs and agents, with c.d.f. exp( ),xe−−  for real 

x. The taste shifters account for unobserved individual characteristics and unobserved job-specific 

attributes. The term ζ represents the mean preference for the mean non-pecuniary value of working. 

Let B(h) be the set of jobs with hours of work h that are available to the agent. The sets B(h), ,h D∈  

are individual-specific and latent. Moreover, let θ  be the number of jobs in B(h) and g(h) the 

proportion of jobs in B(h) with hours of work h. Thus, ( )g hθ  is the number of jobs with hours of 

work h in the latent set ( ).B h  From (2.2) it follows that the highest utility the agent can attain, bearing 

in mind that hours of work are equal to h, is given by 

(2.3)        ( )( , , ) : max ( ( , ), , )z B hV h w y U f hw y h z∈=  

    ( )( ( , ), ) max ( ) ( ( , ), ) log( ( )) ( )z B hu f hw y h z u f hw y h g h hε θ η∈= + = + +  

where exp( )θ θ ζ=   and 

  
( )

( ) max ( ) log( ( )).
z B h

h z g hη ε θ
∈

= −  

It follows that ( )hη  has the same c.d.f. as (1)ε  because   

 
( )

( )

( ( ) ) max ( ) log( ( )) ( ( ) log( ( )))
z B h

z B h

P h x P z g h x P z x g hη ε θ ε θ
∈

∈

 ≤ = − ≤ = ≤ + 
  ∏  

( )
exp{ exp( log( ( ))) exp( ( )exp( log( ( )))} exp( ).x

z B h
x g h g h x g h eθ θ θ −

∈
= − − − = − − − = −∑  

Thus, formally, the utility maximization (with respect to hours of work) in the presence of these types 

of latent constraints can be achieved from the corresponding unconstrained case by modifying the 
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structural part of the utility function by replacing ( ( , ), )u f hw y h  with ( ( , ), ) log( ( ))u f hw y h g hθ+

for 0,h >  whereas ( (0, ),0)u f y  remains unchanged. 

Let ( )hϕ  be the Marshallian probability of choosing hours of work h (for a utility maximizing 

agent). From (2.3) it follows immediately from the theory of discrete choice that  

(2.4)    
{0}

\{0}

exp( ( ( , ), )) ( )( ) ( ( , , ) max ( , , ))
exp( ( (0, ),0)) exp( ( ( , ), )) ( )x D

x D

u f hw y h g hh P V h w y V x w y
u f y u f xw y x g x

θϕ
θ∈ ∪

∈

= = =
+ ∑

  

for 0.h >  For h = 0, (0)ϕ is obtained from (2.4) by replacing the numerator by exp(u(f(0, y), 0)).  

 From (2.3) and (2.4) we note that the job choice model has, formally, the same mathematical 

form as the conventional discrete choice model with the systematic part of the utility function equal to 

( ( , ), ) log( ( ) ).u f hw y h g h θ+  Dagsvik and Jia (2016) have discussed identification of ,u  θ  and g(h).  

Note that the model considered in Section 2.1 follows as a special case when ( ) 1.g hθ =  

 Let 

(2.5)  1

2

( , )( ) .
( , )

f hw y hh
f hw y

γ
′

=
′

  

The uncompensated (Marshallian) marginal wage effect in this model can be readily expressed as 

(2.6)      ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) .
x D x D

h v h v x v h v xh x h h x x
w w w y y

ϕ ϕ ϕ ϕ γ γ ϕ
∈ ∈

 ∂ ∂ ∂ ∂ ∂ 
= − = −  ∂ ∂ ∂ ∂ ∂   

∑ ∑   

 

2.3. The multisectoral job choice model 
This section outlines the job choice model with several sectors. An empirical two-sector version of the 

job choice model was developed by Dagsvik and Strøm (2006). It was applied to conduct welfare 

analysis in Dagsvik et al. (2009). Let kw  denote the wage the agent receives when working in sector  

k, k = 1, 2,…The budget constraint when working in sector k is given by 

  ( , )k kC f hw y=  

and the utility function is assumed to have the structure 

  ( , , ) ( , ) ( )j j j j jU C h z u C h zζ ε= + +  

where ( , )ju C h  is a deterministic term and jζ  is a parameter that represents the average preference 

for sector j-specific tasks. For the non-working alternative, 0 0.ζ =  Random taste shifters ( )j zε  are 

i.i.d. across jobs and sectors and follow the extreme value distribution. Let ( )j hϕ  be the Marshallian 

probability of choosing a job in sector j with hours of work h (for a utility maximizing agent). Let 

exp( )j j jθ θ ζ= −  where jθ  denotes the total number of jobs available to the worker in sector j. This 
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implies that jθ  is a measure of the total number of jobs available to the worker in sector j weighted by 

the attractiveness (exp( ))jζ  of the sector. Let  

  ( ) ( ) ( ( , ( ) )), ) log(j j j j j jv h;w ,y = v h,y = u f hw y h g h θ+   

and  

  (0 ) ( (0, 0).),v , y = u f y  

Similarly to the previous section it now follows that 

  ( )( , , ) : max ( ( , ), , ) ( ) ( )
jj j z B h j j j j jV h w y U f hw y h z v h;w ,y hη∈= = +  

where ( )jB h  is the set of  jobs with hours of work h that are available to the agent. With this notation 

we can express the multisectoral choice probabilities in a compact way as  

(2.7)   

\{0}

exp( ( ))
( )

exp( (0 )) exp( ( ))
j

j
r

r x D

v h, y
h

v , y v x, y
ϕ

∈

=
+∑ ∑

  

and  

(2.8)  

\{0}

exp( (0 ))
(0) .

exp( (0 )) exp( ( ))
j

j
r

r x D

v , y
v , y v x, y

ϕ

∈

=
+∑ ∑

 

We realize that the models considered in Sections 2.1 and 2.2 become, formally, special cases of the 

model in (2.7) and (2.8). This is convenient for our subsequent analysis because it allows a unified 

treatment. 

 In the presentation above it is not discussed how choice sets of jobs are generated. Dagsvik 

(2000), Menzel (2015) and Dagsvik and Jia (2018) have demonstrated that the job choice model can 

in fact be viewed as an equilibrium matching model with non-transferable preferences. 

 

3. Compensated effects and Slutsky equations 
In the traditional textbook case, where the commodity space is a continuum, the substitution effect can 

be visualized as a move along an indifference curve. To calculate the marginal compensated effects 

from a change in the wage rate in the textbook case, one can apply the Slutsky equation. To review 

the Slutsky equation, let ( , )h w y denote the Marshallian labor supply of hours of work, as a function 

of the wage rate and non-labor income (w,y), and let ( , )Hh w u  denote the corresponding Hicksian 

labor supply function, where u is the utility level. At optimum, ( , ) ( , ( , ))Hh w u h w e w u= , where 

( , )e w u  is the expenditure function needed to keep utility at the level u. Using that at optimum non-

wage income y is equal to e(w,u), and applying Shepard’s lemma  the Slutsky equation follows by 

differentiating through the expression above with respect to w, which yields 
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( , ) ( , ) ( , )( , )
Hh w y h w u h w yh w y

w w y
∂ ∂ ∂

= −
∂ ∂ ∂

 

This equation allows one to compute the marginal compensated Hicksian marginal labor supply effect 

(which is unobservable) from the corresponding marginal Marshallian labor supply effects. In 

traditional labor supply models, where the hours of work equation is usually given by a closed-form 

expression, it is straightforward to calculate these compensated marginal effects. In our case the labor 

supply function is stochastic and cannot be expressed on closed form. Therefore, another approach is 

called for. Our approach is based on Dagsvik and Karlström (2005) and aims at obtaining analytic 

results for the distribution and expectation of labor supply. To the best of our knowledge, Slutsky 

equations for discrete labor supply models have not been obtained previously. Slutsky equations for 

general discrete choice models are discussed by Dagsvik (2019). However, the results obtained in this 

paper are not special cases of Dagsvik (2019). 

We shall now consider marginal effects. We take a setting where there is a change in the 

wage rate from the initial ex ante value w  to the ex post value w.  For simplicity we start with only 

one sector. Let ( , ) ( , ; , , )H HQ x h Q x h w y w=   be the joint compensated probability of choosing x hours 

of work ex ante and h hours of work ex post, w and w  the wage rate ex ante and ex post respectively, 

and y the ex ante non-labor income. Thus, here the ex ante and ex post utility levels are equal. Dagsvik 

and Karlström (2005) proved the following result: 

 

Theorem 1 

 Assume a random utility model ( ) ( ; , ) ( )U h v h w y hε= +  where { ( ), }h h Dε ∈  are independent 

and standard Gumbel-distributed and let hy  be defined by ( ; , ) ( ; , ( )).hv h w y v h w y w=    Then 

(3.1)     
( )

2
( )

exp( ( ; , ) ( ; , )) ( ; , )( , )
( )

x

h

y w
H

y w

v x w y v h w z v h w dzQ x h
M z
+

= ∫




   

when ( ) ( ),x hy w y w≥  ( , ) 0HQ x h =  when ( ) ( ),x hy w y w<  and 

(3.2)  
exp( ( ; , )( , )

( ( ))
H

h

v h w yQ h h
M y w

=


  

where  

  ( ) exp(max ( ; , ), ( ; , ))(
x D

M z x w y v x w zv
∈

= ∑   

 

Proceeding from this theorem, let ( ; , , )HP h w w y  be the compensated (Hicksian) probability 

of choosing h hours of work ex post, given that the indirect utility is kept fixed. It follows that  

(3.3)  ( ; , , ) ( , ).H H
x D

P h w w y Q x h
∈

=∑   
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We wish to compute the compensated marginal effect of the choice probability of working h hours. 

By this we mean  

  
0

( ) ( ; , , ) ( ; , )lim
H H

w

h P h w w w y h w y
w w

ϕ ϕ
∆ →

∂ + ∆ −
=

∂ ∆
  

where .w w w∆ = −  However, it turns out that the above derivative does not always exist. We therefore 

need to introduce the left and right derivatives, defined in the usual way as 

(3.4)  
0

( ) ( ; , , ) ( ; , )lim .
H H

w

h P h w w w y h w y
w w

ϕ ϕ+

∆ ↓

∂ + ∆ −
=

∂ ∆
 

and 

(3.5)  
0

( ) ( ; , , ) ( ; , )lim .
H H

w

h P h w w w y h w y
w w

ϕ ϕ−

∆ ↑

∂ + ∆ −
=

∂ ∆
 

In (3.4) 0w∆ >  and approaches zero from above, whereas in (3.5) 0w∆ <  and approaches zero from 

below. The formula in (3.4) is the right derivative of the Hicksian probability of working h hours with 

respect to the wage rate. This formula is relevant for computing the compensated marginal effect of an 

increase in the wage rate. The formula in (3.5) is the corresponding left derivative, which is relevant 

for computing the compensated marginal effect of a decrease in the wage rate. Recall that the 

derivative ( ) /H h wϕ∂ ∂  exists only if ( ) / ( ) / .H Hh w h wϕ ϕ+ −∂ ∂ = ∂ ∂  

Let Z be a real number and define .max( ,0)Z Z+ =  We then have the following result: 

 

 Theorem 2 

 Under the assumptions of Theorem 1 the compensated marginal effects in the conventional 

discrete labor supply model are given by 

( ) ( ) ( )
( ) ( )( ( ) ( )) ( ) ( ) ( ( ) ( ))

H

x D x D

h v h v x
h x h x h x x h

w y y
ϕ

ϕ ϕ γ γ ϕ ϕ γ γ
+

+ +
∈ ∈

∂ ∂ ∂
= − − −

∂ ∂ ∂
∑ ∑   

and    

( ) ( ) ( )( ) ( ) ( ( ) ( )) ( ) ( )( ( ) ( ))
H

x D x D

h v x v hh x h x h x x h
w y y

ϕ ϕ ϕ γ γ ϕ ϕ γ γ
−

+ +
∈ ∈

∂ ∂ ∂
= − − −

∂ ∂ ∂∑ ∑   

for .h D∈   

 

 Theorem 2 is a special case of Theorem 3 given in Section 3.3 and proved in Appendix B.  

In contrast to the traditional case, the formulas given in Theorem 2 express marginal aggregate 

compensated effects. Corollary 1 below follows readily from (2.6) and Theorem 2. 

 At first glance it would seem possible to apply the same approach as Small and Rosen (1981) 

to obtain marginal compensated effects. However, their analysis is not fully correct. Although the 

formulas for aggregate marginal compensated probabilities given on page 117 in their paper appear to 

be correct their relations to choice probabilities derived from stochastic utility specification, such as 
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eq. (5.1) in their paper, is not made clear. In fact, the marginal compensated probabilities given on 

page 117 are not necessarily the same as the corresponding marginal compensated effects derived 

from random utility specifications such as in (5.1). Consequently, their formulas on page 117 on the 

Slutsky relations cannot be applied in our context. Further discussion on the Small and Rosen (1981) 

setup is given in Dagsvik (2019). 

 

 Corollary 1 

Under the assumptions of Theorem 1 the corresponding right Slutsky equation for the labor 

supply probabilities is given by   

    ( )( ) ( ) ( ) ( )( ) ( )min ( ), ( )
H

x D

h h v x v hh x h x
w w y y

ϕ ϕ ϕ ϕ γ γ
+

∈

 ∂ ∂ ∂ ∂
= − − ∂ ∂ ∂ ∂ 

∑  

and the corresponding left Slutsky equation is given by 

    ( )( ) ( ) ( ) ( )( ) ( )max ( ), ( ) .
H

x D

h h v x v hh x h x
w w y y

ϕ ϕ ϕ ϕ γ γ
−

∈

 ∂ ∂ ∂ ∂
= − − ∂ ∂ ∂ ∂ 

∑    

 

From Corollary 1 and (2.5) it follows immediately that the right and left Slutsky equations at 

the extensive margin are 

           (0) (0)H

w w
ϕ ϕ+

=
∂ ∂
∂ ∂

     

and     

         ( ) (0) ( ) ( ).(0) (0) (0)
x D

H v x v x x
y yw w

γ ϕϕ ϕ ϕ
∈

−  ∂ ∂
= − − ∂ ∂ 

∂ ∂
∂ ∂ ∑   

The relations given in Corollary 1 share some similarities with the traditional Slutsky equation for 

continuous choice, but they also differ in essential ways. As for the right Slutsky relation and for h>0, 

the aggregate income effect is given by 

  ( )( ) ( )( ) ( )min ( ), ( ) ,
x D

v h v xh x h x
y y

ϕ ϕ γ γ
∈

 ∂ ∂
− − ∂ ∂ 

∑  

which can be positive or negative, and even equal to zero. Disregarding for the moment the case of 

backward-bending labor supply, the point is that when (say) the wage increases the compensated as 

well as the uncompensated probabilities of working few hours will decrease and the respective 

probabilities for working many hours will increase. Note that there exist hours of work greater than 

zero where the difference between the wage derivatives of the compensated and uncompensated 

choice probabilities equals zero. Moreover, we can see that at the extensive margin there is no income 

effect in the right derivative case, but that there is an income effect in the left derivative case. 

From Corollary 1 it also follows that 
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(3.6)       
( ) ( ) ( ) ( )

( ) | ( ) ( ) | ( ).
H H

x D

h h v h v x
h h x

w w y y
xϕ ϕ

ϕ γ γ ϕ
− +

∈

∂ ∂ ∂ ∂
− = − −

∂ ∂ ∂ ∂
 
 
 

∑  

The expression in (3.6) shows that the sign of the difference between the right and left marginal 

compensating effects may be positive or negative, and also zero. From Corollary 1 it also follows that 

if the deterministic part of the utility function ( ( , ), )u f wh y h  is linear in after-tax income, and wage 

income and non-labor income are taxed separately, then the compensated marginal effects equal the 

corresponding uncompensated effects and accordingly the income effects in the Slutsky equation 

disappears. 

In contrast to the standard textbook case, in the discrete labor supply setting the wage and 

hence the income derivatives of the deterministic part of the utility function in all alternatives have to 

be calculated. The reason is that a wage change affects all alternatives in the choice set, not only the 

alternative in focus.  

To gain more intuition, it might be instructive to consider the marginal compensated effects in 

the following binary case where the choice set consists of two alternatives, working h hours and not 

working. As above the wage rate increases from w to ,w  ceteris paribus. To this end, let Y be the 

(random) expenditure function defined by 

max ( ( ; , ) ) max ( ( ; , ) ).h D h h D hv h w y v h w Yε ε∈ ∈+ = +   

Then ( ,0) 0.HQ h =  Note that when the ex ante and compensated ex post choices are “not working” 

the ex post and ex ante utilities are equal, so (3.2) implies that 

 0 0(0,0) (max( ( ; , ), ( ; , )) (0; ) ) ( ( ; , ) (0; ) ).H
h hQ P v h w y v h w y v y P v h w y v yε ε ε ε= + < + = + < +   

Thus, it follows that the compensated wage effect equals 

(0; , , ) (0) ( ,0) (0,0) (0)H H HP w w y Q h Qϕ ϕ− = + −  

0 0( ( ; , ) (0; ) ) ( ( ; , ) (0; ) ).h hP v h w y v y P v h w y v yε ε ε ε= + < + − + < +  

We realize that the last expression is the difference between two uncompensated choice probabilities, 

namely the probability of not working when the wage equals w minus the probability of not working 

when the wage equals w. Accordingly, the right marginal compensated wage effect must be equal to 

the corresponding marginal uncompensated effect.  

Consider next the case where .w w<  Here  

0(0,0) (max( ( ; , ), ( ; , )) (0; ) )H
hQ P v h w y v h w y v yε ε= + < +  

 0( ( ; , )) (0; ) ) (0).hP v h w y v yε ε ϕ= + < + =  

Furthermore, in this case we realize that hY y y= >  and 

 0 0( , ) ( (0; ) ( ; , ) ( ; , ) (0; ) )H
h hQ h h P v y v h w y v h w Y v Yε ε ε ε= + < + = + > +   

  0 0( (0; ) ( ; , ) (0; ) )1{ ( ; , ) ( ; , )}hP v y v h w y v Y v h w y v h w Yε ε ε= + < + > + =   

 0 0( ( ; , ) max( (0; ), (0; ) )) ( ( ; , ) (0; ) ).h h h hP v h w y v y v y P v h w y v yε ε ε ε= + > + = + > +  
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Consequently, the compensated marginal wage effect in this case equals  

 (0; , , ) (0) ( ,0) (0,0) (0) ( ,0) ( ) ( , )H H H H HP w w y Q h Q Q h h Q h hϕ ϕ ϕ− = + − = = −  

 0 0( ( ; , ) (0; ) ) ( ( ; , ) (0; ) )h h hP v h w y v y P v h w y v yε ε ε ε= + > + − + > +   

0 0( ( ; , ) (0; ) ) ( ( ; , ) (0; ) ) 1 ( , ).H
h h hP v h w y v y P v h w y v y Q h hε ε ε ε= + < + − + < + = −  

We note that the situation in this case is different from that in the former case because the first 

expression in the difference above cannot be interpreted as an uncompensated choice probability. 

Therefore, the corresponding left marginal compensated wage effect differs from the corresponding 

marginal uncompensated wage effect. 

  

Corollary 2 

 Let h  and h′ be independent draws from the labor supply p.d.f. ( ).hϕ  Then the right and 

left Slutsky equations for aggregate hours of work are given by 

                ( ) ( )( ) ( ), min ( ), ( ) , min ( ), ( )
HEh Eh v h v hCov h h h Cov h h h

w w y y
γ γ γ γ

+    ∂ ∂ ∂ ∂′ ′ ′= − − + −   ∂ ∂ ∂ ∂   

   

        

and 

  ( ) ( )( ) ( ), max ( ), ( ) , max ( ), ( )
HEh Eh v h v hCov h h h Cov h h h

w w y y
γ γ γ γ

−    ∂ ∂ ∂ ∂′ ′ ′= − − + −   ∂ ∂ ∂ ∂   

   

       

Furthermore, 

               
HEh Eh

w w

+∂ ∂
≤

∂ ∂

 

      and       .
HEh Eh

w w

−∂ ∂
≤

∂ ∂

 

 

 

The left and right Slutsky equations in Corollary 2 follow readily from Corollary 1. The proof 

of the inequalities in Corollary 2 goes as follows. Note, first, that ( ) /v h y−∂ ∂  and ( )hγ  are 

increasing functions of h and, second, that the correlation between h  and min( ( ), ( )) ( ) /h h v h yγ γ ′− ∂ ∂    

is stronger than the correlation between h′ and ( ) / min( ( ), ( ))v h y h hγ γ ′−∂ ∂    because h  and h′  are 

independent. Hence, the income effect  

     ( ) ( )( ) ( ), min ( ), ( ) , min ( ), ( ) 0v h v hCov h h h Cov h h h
y y

γ γ γ γ
    ∂ ∂′ ′ ′− − + − <    ∂ ∂     

 

       

from which the inequalities in Corollary 2 follow. This feature is analogous to the standard textbook 

case given that leisure is a normal good. We would expect the difference between the two covariances 

in most cases to be small and so we would expect the income effect above to be small. The 

implication is that we would expect the uncompensated and the compensated mean hours wage 

elasticities to be rather similar. 
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 It is also of interest to note that even when the model is a continuous multinomial logit model, 

as in Dagsvik (1994), the difference between the right and left marginal wage effects does not 

disappear.  

The Slutsky equations for the multisectoral job choice model are analogous to the 

corresponding one-sector case. They are given in the next theorem. 

  

 Theorem 3 

 Under the assumption of the multisectoral discrete job choice model the right and left Slutsky 

equations for the labor supply probabilities are given by 

    ( )
\{0}

( ) ( ) ( ) ( )
( ) ( )min ( ), ( ) ,

H
j j j j

j j j j
x Dj j

h h v x v h
h x h x

w w y y
ϕ ϕ

ϕ ϕ γ γ
+

∈

∂ ∂ ∂ ∂ 
= − − ∂ ∂ ∂ ∂ 

∑  

    ( )
\{0}

( ) ( ) ( ) ( )
( ) ( )max ( ), ( )

H
j j j j

j j j j
x Dj j

h h v x v h
h x h x

w w y y
ϕ ϕ

ϕ ϕ γ γ
−

∈

∂ ∂ ∂ ∂ 
= − − ∂ ∂ ∂ ∂ 

∑  

     
\{0}

( ) ( ) (0)(1 ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) (0)j r
j j j j j r j j

r j x D

v h v x vh h h h x h h
y y y

ϕ ϕ γ ϕ γ ϕ γ ϕ ϕ
≠ ∈

∂ ∂ ∂
+ − − −

∂ ∂ ∂∑ ∑  

for 0,j >      

    
( ) ( )

,
H
j j

k k

h h
w w

ϕ ϕ+∂ ∂
=

∂ ∂
    

\{0}

( ) ( ) ( )( )( ) ( ) ( )
H

j j jk
j k k

x Dk k

h h v hv xh x x
w w y y

ϕ ϕ
ϕ ϕ γ

−

∈

∂ ∂ ∂ ∂
= − − ∂ ∂ ∂ ∂ 

∑  

for ,j k≠ , 0,j k >   

     
(0) (0)H

j jw w
ϕ ϕ+∂ ∂

=
∂ ∂

     

and     

               \{0}

( ) (0) ( ) ( )(0) (0) (0) j
j j

x Dj j

H v x v x x
y yw w

γ ϕϕ ϕ ϕ
∈

− ∂ ∂
= − − ∂ ∂ 

∂ ∂
∂ ∂ ∑

       
where ( ) ( ( , ), ) log( ( ))j j j j jv h u f w h y h g hθ= +  and 

        
1

2

( ) / ( , )
( ) .

( ) / ( , )
j j j

j
j j

v h w f w h y h
h

v h y f w h y
γ

′∂ ∂
= =

′∂ ∂
  

 

The proof of Theorem 3 is given in Appendix B. From Theorem 3 we observe that 

(3.7)  

\{0}

( ) ( ) ( ) ( ) (0)(1 ) ( ) ( ) ( ) ( ) ( ) (0)
H H
j j j r

j j j j j r
r j x Dj j

h h v h v x vh h h h x
w w y y y

ϕ ϕ
ϕ ϕ γ ϕ γ ϕ ϕ

− +

≠ ∈

∂ ∂ ∂ ∂ ∂
− = − − + +

∂ ∂ ∂ ∂ ∂∑ ∑  

          
\{0}

( ) ( )
( ) ( ) | ( ) ( ) | .j j

j r j j
r j x D

v x v h
h x h x

y y
ϕ ϕ γ γ

≠ ∈

∂ ∂ 
+ − − ∂ ∂ 

∑ ∑  
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From (3.7) we note that the sign of the difference between the right and left marginal compensating 

effects might happen to be both positive and negative. We observe that in the case of right marginal 

cross effect the marginal compensated and marginal uncompensated effects are equal. 

Above, we have seen that the left and right marginal effects differ substantially in the sense 

that the algebraic expressions are quite different. But it remains to be seen to what extent the left and 

right marginal effects differ numerically. This issue will be examined in Section 5.  

It is immediately clear that Theorem 3 is valid also for the conventional discrete choice model 

(Van Soest, 1995), extended to the multisectoral setting. Further detailed results relating to sectorial 

marginal effects are given in Appendix A. Here we show only some of the results that relate to the 

right marginal effects.  

Let jϕ  denote the Marshallian probability of working in sector j. It follows readily from 

Theorem 3 by adding the choice probabilities with respect to hours of work that the marginal effects 

related to the sectoral choice probabilities are given by the next corollary. 

 

Corollary 3  

Under the assumptions of Theorem 3 we have the following right and left Slutsky equations at 

the sectoral extensive margins: 

       
H

j j

j jw w
ϕ ϕ+∂ ∂

=
∂ ∂

,    

       
\{0} \{0} \{0}

( ) (0)( ) ( ) ( ) (0) ( ) ( )
H

j j r
j j r j j

j j h D r j x D h D

v x vh h x h h
w w y y
ϕ ϕ

ϕ γ ϕ ϕ ϕ γ
−

∈ ≠ ∈ ∈

∂ ∂ ∂ ∂
= − −

∂ ∂ ∂ ∂∑ ∑ ∑ ∑  

       
\{0}

( )
(1 ) ( ) ( ),j

j j j
x D

v x
x x

y
ϕ γ ϕ

∈

∂
+ −

∂∑   

      
H

j j

k kw w
ϕ ϕ+∂ ∂

=
∂ ∂

   and     

      
\{0} \{0} \{0}

( )( ) ( ) ( ) ( ) ( ) ( )
H

j j jk
j k k j k k

x D h D x Dk k

v hv x x x h x x
w w y y
ϕ ϕ

ϕ γ ϕ ϕ γ ϕ
−

∈ ∈ ∈

∂ ∂ ∂∂
= − +

∂ ∂ ∂ ∂∑ ∑ ∑  

for , , 0.k j j k≠ >   

   

The Slutsky equation for mean hours in the case of a wage increase is 

  ( ) ( )( ) ( )
, min ( ), ( ) , min ( ), ( ) ,

H
j j j j j j

j j j j j j j j j j
j j

Eh Eh v h v h
Cov h h h Cov h h h

w w y y
γ γ γ γ

+    ∂ ∂ ∂ ∂
′ ′ ′= − − − −      ∂ ∂ ∂ ∂   

   

       

The corresponding Slutsky equation in the case of a wage decrease is given Corollary A1 in Appendix 

A, where it is also shown that the income effects are negative, as in the standard text book case:  
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    0.
H
j j

j j

Eh Eh
w w

+∂ ∂
− >

∂ ∂

 

      

 Remember that although the formulas above are based on a multinomial logit formulation 

they can easily be extended to the mixed logit case by allowing some parameters to be random effects.   

 

 

4. Marginal cost of public funds  

4.1. Approaches in the literature 
Pigou (1947), Harberger (1964), and Browning (1976, 1987) introduced the concept of (compensated) 

marginal cost of public funds as a measure of the cost of a marginal change in public revenue, defined 

as the reduction in consumers’ surplus relative to the increase in tax revenue. If revenue is 

redistributed to the consumers as a lump-sum tax, income effects of the tax change are neutralized and 

the marginal cost of public funds relates only to the distortionary effect of the tax change. In order to 

calculate the compensated marginal cost of public funds one needs the corresponding compensated 

labor supply elasticities. Stiglitz and Dasgupta (1971) and Atkinson and Stern (1974) applied the 

corresponding uncompensated marginal cost of public funds, which means that the income effects of 

the marginal tax change in question are not neutralized through lump-sum transfers. In this case the 

marginal cost of funds is evaluated using the uncompensated labor supply elasticities.  

Marginal cost of funds is widely used in cost-benefit analysis. In Norway, the Ministry of 

Finance has set the compensated marginal costs of funds at 1.2, meaning that if a public investment is 

financed through taxation the relevant cost to be used in the cost-benefit analysis is 1.2 times the cost 

of the investment. Kleven and Kreiner (2006) report values for the marginal costs of public funds 

when accounting for labor supply responses at both the extensive and the intensive margins. They 

report values based on uncompensated as well as compensated labor supply elasticities at the 

extensive and intensive margins for five European countries (Denmark, France, Germany, Italy, and 

the UK). The range of the marginal cost of public funds estimates is 1.26–2.2.  

It may be interesting to review how measures of marginal compensated cost of public funds 

proposed in the literature relates to the one we propose below. To review this approach briefly, let 

( )V y  denote the indirect utility of the representative agent (RA) as a function of the ex ante non-

labor income y. Let ( ) /HR u t∂ ∂  denote the marginal compensated revenue at utility level u. The 

corresponding marginal compensated cost of public fund at utility level u is defined by 

(4.1)     

( )

( ) ( )/

( ) |

H
H

u V y

V y V y
t yMCF

R u
t =

∂ ∂
∂ ∂= − ⋅

∂
∂
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We shall now demonstrate that the measure defined in (4.1) is in fact similar to the one shown in 

Jacobs (2018). Let ( )e u  be the expenditure function at utility level u.  

Since ( ( ))V e u u= differentiation with respect to t, keeping utility level u fixed yields 

(4.2)       ( )
( ) ( ) ( )/ | .u V y

V y V y e u
t y t =

 ∂ ∂ ∂
− = ∂ ∂ ∂ 

    

Furthermore, using the chain rule of differentiation, we obtain  

(4.3)         
( ) ( ) ( ) .e u e u R u
t R t

∂ ∂ ∂
= ⋅

∂ ∂ ∂
  

Hence, (4.2) and (4.3) imply that 

(4.4)           
( )

( )

( ) ( )

( ) ( ) ( )/ | ( ) | .( ) ( )| |

u V y

u V y

u V y u V y

V y V y e u
e ut y tMCF R u R u R

t t

=

=

= =

∂ ∂ ∂
∂∂ ∂ ∂= − = =

∂ ∂ ∂
∂ ∂

  

Håkonson (1998), Ballard (1990), and Mayshar (1990) have proposed calculating the 

marginal cost of public funds by dividing CV 6by the uncompensated change in revenue instead of the 

compensated one. Jacobs (2018) argues that this approach seems inconsistent because the numerator 

(CV) is a compensated measure, whereas the denominator (change in revenue) is an uncompensated 

measure. 

 

4.2. The case of discrete choice 
To the best of our knowledge there has been no attempt to establish measures of the marginal cost of 

public funds in the case of discrete labor supply models. We shall now discuss how the results 

obtained in this paper can be utilized to that end.  

Consider the setting of the labor supply model based on the discrete choice framework. Let 

( , )T h X  denote the tax function, as a function of hours of work h and the wage rate where X is a 

vector of individual characteristics including non-labor income. Let ( | )h Xϕ  the probability of 

working h hours conditional on X. Suppose a policy intervention takes place, consisting of a change in 

the tax system from T to T as the consequence of change in a tax parameter from t  to .t  The 

corresponding expenditure function ( , , )Y T T X  is determined by 

     max( ( ( , ) , ; ) log( ( ) ( )) ( ))
h D

u hw T h X y h X X g h hθ η
∈

− + + +   

     max( ( ( ) ( , ) ( , , ), ; ) log( ( ) ( )) ( ))
h D

u hw X T h X Y T T X h X X g h hθ η
∈

= − + + +   

                                                 
6 Hicks (1956) was the first to define the compensating variation, in our context, as 
CV e( u,t ) e( u,t ) e( u,t ) y,where t and t= − = −   are ex post and ex ante tax rates.  
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where we recall that ( )B h  is the set of jobs with hours of work h that are available to the agent and 

{ ( ), }h h Dη ∈  are independent draws from the extreme value distribution. Define the marginal 

aggregate expenditure, ( ) / ,EY X t∂ ∂  by 

(4.5)      ( ) ( ( , , ) ): lim
t t

EY X E Y T T X y
t t t→

∂ −
=

∂ −





 

where the expectation operator is taken with respect to both the stochastic terms and X. Note that the 

compensating variation measure ( ) ( , , ) .CV X Y T T X y= −  

Let ( )R X  denote the (random) revenue in a population with characteristics X and let 

( ) /HER X t±∂ ∂  be the left and right marginal compensated expected revenues defined by  

(4.6)     ( )( , ) ( | )( ) :
H

X

h D

E T h X h XER X
t t

ϕ±±

∈

∂∂
=

∂ ∂∑  

     
( , ) ( | )( | ) ( , )

H

X X
h D

T h X E h XE h X E T h X
t t

ϕϕ
±

∈

  ∂ ∂ = +    ∂ ∂    
∑  

where XE  is the expectation operator taken with respect to the distribution of X. 

We propose to define the marginal compensated cost of public funds, ,MCF ±  by 

(4.7)      ( ) /:
( ) /H

EY X tMCF
ER X t

±
±

∂ ∂
=
∂ ∂

    

where MCF −  is the left marginal compensated cost of public funds and MCF +  is the right marginal 

compensated cost of public funds. The marginal cost of public funds given in (4.7) is a way of 

measuring the aggregate distortionary effect of the tax change within the framework of the discrete 

choice case based on the random expenditure function. The concept of right and left marginal cost of 

funds defined in (4.7) are directly measured in units of income, both the numerator and the 

denominator.7  

The following result enables us to compute the marginal expected expenditure given in (4.5).  

 

 Theorem 4 

 In the discrete labor supply model  

 
( ) ( , ) ( | )X

h D

EY X T h XE h X
t t

ϕ
∈

∂ ∂ =  ∂ ∂ 
∑ . 

 

 The result in Theorem 4 is similar to the traditional textbook case with continuous hours 

where hours h are now replaced by the probability of working h hours ( ).hϕ  In order to compute the 

marginal compensated probability ( | ) /H h X tϕ±∂ ∂  we need the following result: 

                                                 
7 For a recent discussion of applying aggregate money metrics in welfare analysis, see Bosmans et al. (2018). 
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Theorem 5 

 In the discrete labor supply model the marginal compensated effects of the labor supply 

choice probabilities with respect to the tax parameter t is given by 

( | ) ( ; )( | ) ( | )( ( ) ( , ))
H

x D

h X v h Xh X x X x,X h X
t y

ϕ ϕ ϕ ξ ξ
+

+
∈

∂ ∂
= −

∂ ∂ ∑             

             ( ; ) ( )( | ) ( | ) ( ( ) ( , )) ( | ) (0 | ) ( )
x D

v x X v h; Xh X x X h,X x X h X X h,X
y y

ϕ ϕ ξ ξ ϕ ϕ ξ+
∈

∂ ∂
− − −

∂ ∂∑   

and 

 
( | ) ( ; )( | ) ( | )( ( ) ( , ))

H

x D

h X v h Xh X x X x,X h X
t y

ϕ ϕ ϕ ξ ξ
−

+
∈

∂ ∂
= −

∂ ∂ ∑  

          ( ; ) (0; )( | ) ( | ) ( ( ) ( , )) ( | ) (0 | ) ( , )
x D

v x X v Xh X x X h,X x X h X X h X
y y

ϕ ϕ ξ ξ ϕ ϕ ξ+
∈

∂ ∂
− − −

∂ ∂∑  

where ( ; ) ( ( ) ( , ) , ; ) log( ( ) ( ))v h X u hw X T h X y h X X g hθ= − + +  and ( , ) ( , ) / .h X T h X tξ = ∂ ∂  

 

 The result of Theorem 5 follows from Theorem 2 with ( ) ( , ).h h Xγ ξ= −  From Theorem 5 we 

observe that  

   ( | )H h X
t

ϕ+∂
∂

( | ) (0; ) ( ; )( | ) (0 | ) ( , ) ,
H h X v X v h Xh X X h X

t y y
ϕ ϕ ϕ ξ
−  ∂ ∂ ∂

− = − ∂ ∂ ∂ 
 

which can attain both positive and negative values.  

In practice, changes in the tax system are rarely approximately infinitesimal. It is therefore of 

interest to apply a measure that can be used when it is relevant to evaluate an alternative tax system, 

where it is understood that the slope of several tax segments and hence their boundaries change. In 

such cases the formula in (4.7) cannot be used. Instead one should apply 

(4.8)        ( )
( )H

ECV XMCF
ER X

=
∆

 

where we recall that ( )CV X  captures the actual change in expected expenditure implied by the 

change to the alternative tax system and ( )HER X∆  is the corresponding change in the compensated 

expected revenue. In order to calculate ( )HER X∆  one can apply the results of Theorem 1. To this 

end let ( , ) ( , ),f x z x z T x z= + −
  ( ; , ) ( ( ( ), ), , ) log( ( ) ( )),jv h y X u f hw X y h X X g hθ= +  

( ; , ) ( ( , ), , ) log( ( ) ( ))j jv h y X u f hw y h X X g hθ= +

  and let jhy  be determined by 

( ; , ) ( ; ( ), )hv h y X v h y X X= and 0(0; , ) (0; ( ), ).v y X v y X X=   It then follows from Theorem 1 that  

(4.9)    
0( ) ( )

\{0} 0 0

exp( ( ; , )) exp( (0; , ))( ( ) | )
( , ) ( , )

hy X y X

h D

v h z X dz v z X dzE Y X X
M z X M z X∈

= +∑ ∫ ∫    
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where 

        ( ) exp(max ( ; ), ( ; )).( ,
x D

M z, X x y v x z,Xv X
∈

= ∑   

Let ( , | )HQ x h X  be the compensated probability of choosing hours x ex ante and hours h ex post, 

conditional on X. These probabilities are given in Theorem 1. Moreover, let ( | )HP h X  be the ex post 

compensated probability of working h hours. Evidently, 

       ( | ) ( , | ).H H

x D
P h X Q x h X

∈

= ∑   

Hence, it follows that 

(4.10)       ( )( ) ( , ) ( | ) ( , ) ( | ) .H H
X

h D
ER X E T h X P h X T h X h Xϕ

∈

∆ = −∑   

The formulas given in (4.9) and (4.10) can easily be extended to the multisectoral case by using 

Lemma B.1 in Appendix B. 

 
5. Numerical results of compensated and uncompensated wage elasticities  
 
To illustrate how the compensated and uncompensated elasticities differ across individual 

characteristics, we report labor supply wage and income elasticities based on the empirical two-sector 

discrete labor supply model estimated by Dagsvik and Strøm (2006). The two sectors are public and 

private. The model is estimated on Norwegian data from 1994 and 1995. We consider only married 

women. Data, tax functions, and estimates of the deterministic part of the utility function and of jθ  

and ( )jg h  are given in Appendix C8: see Dagsvik and Strøm (2006) for more details. All values 

below refer to 1994. Since then the wage level has increased substantially. The average wage per hour 

for married women in 1994 was around NOK 90–110, while the average in 2018 was around NOK 

230–260. Wages in the private sector were the highest ones. As of January 2019, 1 USD is equivalent 

to approximately NOK 8.5.  

The deterministic part of the utility function used in the estimation is given by 

(5.1)    
1 34

0
2 9

1 3

(10 ( ( ) )) 1 (1 3640) 1( ( )) ) j
j

f hw ,y C h /u f hw ,y ,h,X
α α

α α
α α

− − −  − −
= + 

 
 

   
3

3

(1 3640) 1h /Xb .
α

α
− −

+  

                                                 
8 Appendices C-J are given in the supplementary section, available at 
http://folk.uio.no/steinast/supplements/Supplement%20Compensated%20Marginal%20Effects%20an

d%20the%20Slutsky%20Equation%20in%20Discrete%20Labor%20Supply%20Models.pdf 
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where 0C  is the subsistence consumption level, and X is a vector of observed characteristics: number 

of children 0–6 and 7–17, log age, and log age squared. The term 1 / 3460h−  is a normalized 

expression for leisure after taking time for rest and sleep into consideration. The estimates imply that 

the utility function is quasi-concave, with a significant negative interaction term for leisure and 

consumption.  

We have computed wage and income elasticities for selected groups of married women who 

differ with respect to given wage levels (low, medium high, and very high), non-labor income (low, 

medium high, and very high), number of children (none or two), and age (30 and 40). In total we have 

36 different cases. A summary of the different cases is given in Table 5.1 below. 

 

 

 

Table 5.1. The selected households 
1–3    woman aged 30, wage  70,   no children,   not labor income 70,000, 100,000, 200,000 respectively 
4–6    woman aged 30, wage 200,  no children,   not labor income 70,000, 100,000, 200,000 respectively 
7–9    woman aged 30, wage 300,  no children,   not labor income 70,000, 100,000, 200,000 respectively 
10–12 woman aged 30, wage  70,  two  children, not labor income 70,000, 100,000, 200,000 respectively 
13–15 woman aged 30, wage 200, two children,  not labor income 70,000, 100,000, 200,000 respectively 
16–18 woman aged 30, wage 300, two  children, not labor income 70,000, 100,000, 200,000 respectively 
19–21 woman aged 40, wage 70,   no children,    not labor income 70,000, 100,000, 200,000 respectively 
22–24 woman aged 40, wage 200, no children,    not labor income 70,000, 100,000, 200,000 respectively 
25–27 woman aged 40, wage 300, no children,    not labor income 70,000, 100,000, 200,000 respectively 
28–30 woman aged 40, wage 70,   two  children, not labor income 70,000, 100,000, 200,000 respectively 
31–33 woman aged 40, wage 200, two  children, not labor income 70,000, 100,000, 200,000 respectively 
34–36 woman aged 40, wage 300, two  children, not labor income 70,000, 100,000, 200,000 respectively 
 

The non-labor income is the sum of capital income after tax, child allowances, and the after-tax 

income of the husband. We account for the fact that when the woman has no income or a very low 

income, she is taxed together with her husband. The tax functions are given in Appendix C. The 

probabilities of participation at all and in the two sectors, and expected working hours for these 36 

cases are given in Appendix D. 

In Section 5.1 we report the uncompensated and the compensated elasticities when the wage 

rate in the public and the private sectors respectively is increased (right elasticities). Next, in Section 

5.2 we compare the right and left elasticities. In Section 5.3 we show the elasticities when there is an 

overall wage change (both sectors and all alternatives), again for the same 36 women, while in 

Section 5.4 we report the elasticities when there is an overall wage change using the whole sample 

from 1994 to 1995. In this last case, the elasticities are aggregate in the sense that they are based on 

the aggregate expected hours of work where the aggregation takes place over individual 

characteristics, non-labor incomes, and wage rates. The individual wage rates are represented by a 

standard-type wage equation with normally distributed error terms that are assumed to be independent 

of the taste shifters in the utility function. The empirical part of the paper ends in Section 5.5, where 
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we give an estimate of the marginal cost of public funds based on the sample from 1994. Numerical 

values for all elasticities are given in Appendix E–J. 

 
5.1. Sector-specific wage increases and elasticities for selected women 
Table 5.2 provides an example of the marginal right compensated and uncompensated wage 

elasticities. The effects in all 36 cases when the public-sector wage only is increased is given in 

Appendix F. In Appendix G we give the results when the private-sector wage is increased. Table 5.2 

shows that the compensated and uncompensated cross elasticities are equal. Also the direct 

elasticities, compensated and uncompensated, of the probability of working in a sector are equal. The 

compensated direct elasticities of expected hours are always higher than the corresponding 

uncompensated elasticities. The total elasticities are the net of direct and cross effects.  

 That the cross elasticity of conditional expected hours, conditional on working in a specific 

sector, is equal to zero is seen as follows. The elasticity of the conditional expectation of hours of 

work is given by 

( ) ( ) ( )log log
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 In Figure 5.1 we show the elasticities of the unconditional expectation of total hours with 

respect to an increase in the public wage (graph a) and the private wage (graph b) for the selected 36 

women described in Table 5.1. “Total” means that net elasticity takes into account cross effects. The 

compensated elasticities exceed the uncompensated elasticities, but the difference is almost negligible. 

The elasticities are small, around 0.2, with the exception of women with very low wages.  

 

Table 5.2. Right uncompensated and compensated wage elasticities. Married woman aged 30, no 
children, hourly wage NOK 70 

Income 

All Public 
(direct)

Private 
(cross) Total Public 

(direct)
Private 
(cross) Total Public 

(direct)
Private 
(cross)

70,000 Uncompensated 0.008 1.442 -5.753 0.221 0.236 0.000 0.229 1.679 -5.753
Compensated 0.008 1.442 -5.753 0.252 0.275 0.000 0.260 1.717 -5.753

100,000 Uncompensated 0.035 1.341 -5.094 0.281 0.303 0.000 0.316 1.643 -5.094
Compensated 0.035 1.341 -5.094 0.303 0.330 0.000 0.338 1.671 -5.094

200,000 Uncompensated 0.131 1.184 -3.839 0.359 0.396 0.000 0.490 1.580 -3.839
Compensated 0.131 1.184 -3.839 0.367 0.405 0.000 0.498 1.589 -3.839

Probability of working Conditional hours Unconditional hours
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Figure 5.1. Total unconditional expected hours elasticities related to one sector wage increase 
 
5.2. Sector-specific wage increases versus wage decreases and elasticities 
In Appendix H (public-sector wage decrease) and Appendix I (private-sector wage decrease) we 

report left wage elasticities for all 36 types of women. Figure 5.2 (a, b) give the total wage elasticities 

of the probability of working (extensive margin). “Total” means that cross effects are accounted for. 

Figure 5.3 (a, b) give the elasticities of the conditional mean hours (intensive margin) and, finally, 

Figure 5.4 (a, b) give the elasticities of the unconditional expected hours of work.  

Note that at the extensive margin the left total wage elasticities are much higher than the right 

total wage elasticities. At the intensive margin the differences between left and right total wage 

elasticities are almost negligible for the public-sector wage and somewhat larger, but not much, for 

the private-sector wage.  
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Figure 5.2. Total compensated wage elasticities of the probability of working  

 

 

 

0.00
0.50
1.00
1.50
2.00
2.50
3.00
3.50

0 3 6 9 12 15 18 21 24 27 30 33 36

a) Compensated wage elasticities of the probability 
of working

Public wage increase Public wage decrease

0.00
0.50
1.00
1.50
2.00
2.50
3.00
3.50

0 3 6 9 12 15 18 21 24 27 30 33 36

b) Compensated wage elasticities of the probability 
of working

Private wage increase Private wage decrease

0.00

0.20

0.40

0.60

0.80

1.00

0 3 6 9 12 15 18 21 24 27 30 33 36

a) Compensated wage elasticities of conditional 
expected hours

Public wage increase Public wage decrease



24 
 

 

Figure 5.3. Total compensated wage elasticities of conditional expected hours  
 
 

 
 

 
 
Figure 5.4. Total compensated wage elasticities of unconditional expected hours 
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5.3. An overall wage increase and elasticities for selected women 
To simplify the exposition, we consider the case where the wage rates are the same in both sectors, 

which imply that min( ( ), ( )) min( ( ), ( ))j j k ka h a x h xγ γ γ γ=  and 

max( ( ), ( )) max( ( ), ( ));j j k ka h a x h xγ γ γ γ=  see Corollaries A3 to A6 in Appendix A. The difference 

between the compensated and the uncompensated wage elasticities can be calculated using the 

formulas given in Section 3 and in Appendix A. In Table 5.3 we report the results for one case. The 

other 35 cases are given in Appendix E. As shown in Section 3 and Appendix A, the uncompensated 

and compensated wage elasticities of the probability of working at all are equal. The compensated 

wage elasticities of unconditional hours are larger than the uncompensated ones. The wage elasticities 

of participation at all are low, which is because the participation probabilities are high (close to 1).  

The higher the non-labor income, the lower is the probability of participation and the higher is 

the wage elasticities. Given the woman’s wage rate level, we observe that this is also the case for the 

wage elasticities of mean hours of work. We observe that the elasticities at the intensive margin are 

clearly higher than at the extensive margin. We also note that an overall wage increase shifts labor 

from the private to the public sector.   

 
Table 5.3. An overall wage increase: right compensated and uncompensated wage elasticities. 
Married woman aged 30, no children, hourly wage NOK 70 

Non-
labor 
income   

Direct Elasticity Probability of working Conditional mean hours Unconditional mean 
hours 

  All Public Private All Public Private All Public Private 
70,000 Uncompensated 0.010 0.047 -0.140 0.255 0.236 0.330 0.265 0.283 0.190 

 Compensated 0.010 0.054 -0.170 0.307 0.284 0.397 0.317 0.339 0.226 
           

100,000 Uncompensated 0.044 0.090 -0.139 0.325 0.303 0.407 0.368 0.393 0.269 
 Compensated 0.044 0.096 -0.162 0.362 0.337 0.454 0.406 0.433 0.292 
           

200,000 Uncompensated 0.164 0.219 -0.042 0.419 0.396 0.498 0.583 0.615 0.456 
 Compensated 0.164 0.221 -0.050 0.431 0.408 0.512 0.595 0.629 0.462 

 
 

In Figure 5.5 we show the aggregate elasticities of unconditional expected hours elasticities 

for the 36 different cases of women, aggregated across sectors. The wage elasticities are relatively 

small, with 12 exceptions. All 12 have low hourly wages (NOK 70, which is somewhat lower than the 

average hourly wage in 1994). Among them the wage elasticities are higher if they have children 

and/or if the non-wage income is high. These results clearly demonstrate that heterogeneity matters. 
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The results shown in Figure 5.5 are in line with what Attanasio et al. (2018) have found. The model 

they use is, however, quite different from our model. 

 
Figure 5.5. Right compensated and uncompensated wage elasticities of total unconditional 
expected hours for an overall wage increase  

 

5.4. Overall wage change and aggregate elasticities using sample data 
In this section we report aggregate wage elasticities based on the sample used to estimate the model. 

In the empirical model, the wage rates are represented by a wage equation which is integrated out. 

Table 5.4 displays the right compensated and uncompensated expected elasticities of an overall 

increase in the wage rates on the probability of working at all, working in the public and the private 

sector respectively, on mean hours conditional on participation, and on the unconditional mean hours.  

From Table 5.4 we note that the uncompensated and right compensated elasticities of working 

at all are equal, whereas the right compensated elasticity of total hours of an overall wage change, 

conditional on working and hence also in the unconditional case, exceeds the corresponding 

uncompensated elasticity. However, the differences between the compensated and uncompensated 

elasticities are not large. As mentioned in Section 3 these differences are the respective income 

effects.  

We note that the elasticity of mean hours is clearly larger for the private sector than for the 

public sector. The reason why labor supply related to working in the private sector is more elastic than 

working in the public sector is that there are fewer constraints on offered hours in the private sector 

(captured by the opportunity distributions ( )j jg hθ , j = 1,2, which represent the latent choice set). The 

unconditional hours wage elasticities are also given in Figure 5.6.  
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Table 5.4. Right compensated and uncompensated wage elasticities of an overall wage increase 
using sample values. Married women, Norway 1994 
 

 Probability of working Conditional hours, given 
working 

Unconditional hours 

Total Public Private Total Public Private Total Public Private 
Uncompensated 
elasticity 

0.3149 0.1071 0.5186 0.3724 0.3896 0.3489 0.6873 0.4967 0.8675 

Compensated 
elasticity 

0.3149 0.0740 0.5510 0.4012 0.4130 0.3817 0.7161 0.4870 0.9327 

 
 

 
 
Figure 5.6. Elasticities of the unconditional expectation of hours with respect to an 
overall wage increase 

 

5.5. The marginal cost of funds from an increase in the minimum deduction in 
the tax function 
 
In this Section we apply the results of Section 4 to compute the marginal cost of funds that follows 

from an increase in the minimum deduction in the tax system. Like many countries, Norway has a 

progressive tax system with regard to the taxation of labor income, with stepwise linear parts. Let the 

marginal tax rates be denoted kt  where the subscript k refers to tax segment k. Let 0I  denote the level 

of the minimum deduction. The actual structure of the tax system in 1994 is given in Appendix C.  

 In order to make a change in the tax rates of a stepwise linear tax structure it is necessary, 

whenever a tax rate is changed, to change the tax segment boundaries too. This implies that to assess 

the impact of a tax rate change one has to make a discrete change in the tax structure. This is not 

required when the minimum deduction level 0I  is changed. The uncompensated and compensated    
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marginal effects of a change in the minimum deduction I0 (below this level taxes are zero) are zero for 

0( )jw X h I≤  and   
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In this case the right and left compensated effects are equal and the Slutsky equations are given by  
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             To compute the marginal costs of funds we apply the model given in Dagsvik and Strøm 

(2006) estimated on a sample of Norwegian married women. In the Norwegian tax system the 

marginal tax at the lowest tax bracket is equal to 1 0.302.t =  Hence, for j ow h I>   

     1
0
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t
I

∂
= − = −

∂
 

By a straight forward extension of Theorem 4 it follows that, similarly to (4.8), MCF  can be 

computed using the following formula: 
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where S denotes the sample of married women, (0) 0jϕ =  when 0,j > 0 ( ) 0hϕ =  when h > 0 and 

0 (0) (0).ϕ ϕ=  This measure of the marginal cost of public funds assumes implicitly that taxes are 

optimized and distributional concerns are absent. This means that we assume the government has 

done its best to optimize taxes and redistribute income. We have no reasons to overturn the judgment 

of the politicians (and the Ministry of Finance). Note that both the numerator and the denominator are 

expressed in money terms and are summed over individuals. We also assume that lump-sum taxes are 

not an alternative.  

Our estimate of the marginal cost of public funds is 1.15, which is in the lower part of the 

range that others have found, also in Norway, as referred to above. It should be noted that since we 

include only married women in our sample, our estimate is most likely to be higher than if single 

women and men (single and married) had been included. Numerous studies have demonstrated that 



29 
 

married women respond more strongly to changes in economic incentives than single women and 

men, married or not. 

 

6. Conclusions 
Using the results of Dagsvik and Karlström (2005) as a starting point, we have derived analytic 

formulas for marginal compensated wage effects in discrete labor supply models. In particular, we 

have established Slutsky-type relations for these kinds of models. These relations differ in important 

ways from the traditional Slutsky equations. In particular, the left marginal compensated wage effects 

differ in general from the corresponding right marginal compensated effects. In the selected numerical 

examples we have used, it turns out that this difference is not large at the intensive margin, but rather 

sizeable at the extensive margin. In the selected numerical examples, the compensated labor supply 

elasticities are larger than the uncompensated ones, but the difference is small, indicating minor 

income effects. The labor supply elasticities, compensated as well as uncompensated, are greatest for 

those married women with the lowest wage, those with many children, and those with the highest 

non-labor income. Apparently heterogeneity matters with respect to responses to wage and tax rate 

changes.  

Finally, we have discussed how marginal cost of funds can be calculated based on discrete 

labor supply models. Our estimate of the marginal cost of public funds is 1.15, which is lower than the 

one used in current cost-benefit analysis in Norway.  
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Appendix A. Further detailed formulas for various marginal effects 

Theorem A1 

Under the assumptions of the multisectoral discrete labor supply model we have 
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( ) ( )
( ) ( ) ( )

H
j j

j k k
x Dk

h v h
h x x

w y
ϕ

ϕ ϕ γ
−

∈

∂ ∂
= −

∂ ∂ ∑  

for ,k j≠ ,, 0j k >  and 

 

 

The proof of Theorem A1 is given in Appendix B.  

 

Corollary A1 

 Let jh and jh′  be independent draws from the labor supply probability mass function ( ).hϕ  

Then under the assumptions of Theorem A1 with 0j >   

 ( ) ( )( ) ( )
, min ( ), ( ) , min ( ), ( ) ,

H
j j j j j j

j j j j j j j j j j
j j

Eh Eh v h v h
Cov h h h Cov h h h

w w y y
γ γ γ γ

+    ∂ ∂ ∂ ∂
′ ′ ′− = − − −      ∂ ∂ ∂ ∂   

   

       

 ( ) ( )( ) ( )
, max ( ), ( ) , max ( ), ( )

H
j j j j j j

j j j j j j j j j j
j j

Eh Eh v h v h
Cov h h h Cov h h h

w w y y
γ γ γ γ

−    ∂ ∂ ∂ ∂
′ ′ ′− = − − −      ∂ ∂ ∂ ∂   

   

       

   ( )( ) ( ) (1 ) ( )j jr r
j j j j j j j

r j

v hv hE h h E h h
y y

γ ϕ γ
≠

 ∂ ∂
+ − −     ∂ ∂   
∑





     

and 

.
( )( ) ( ) ( )

H
j j j j jk k k k

j k k
k k

Eh h v hEh h v hEh E E h E
w w y y

γ γ
−   

        

∂ ∂∂ ∂
− = −

∂ ∂ ∂ ∂

  

 

   

   

The proof of Corollary A1 is given in Appendix B.  

 

Corollary A2 

Under the Assumptions of Theorem 3 we have that 
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H
j j

j j

Eh Eh
w w

+∂ ∂
>

∂ ∂

 

      

 

The proof of Corollary A2 is given in Appendix B. In contrast to the single sector case we 

have not been able to prove that in general 

.
H
j j

j j

Eh Eh
w w

−∂ ∂
>

∂ ∂

 

 

However, this inequality holds for our empirical model, cf. section 5.2.  

    The formulas above concern the case where only sector specific wages are altered. It is, 

however, also of interest to consider the case with an overall wage increase. Specifically, assume now 

that j jw a w=  where w is a wage component that is common to both sectors. Then we have that 

for j > 0.    

 

 Corollary A3 

Under the assumptions of Theorem A1 and with j jw a w=  where w is a common wage 

component, we have for h > 0,  

\{0}

( ) ( )
( ) ( )( ( ) ( ))

H
j j

j k j j k k
k x D

h v h
h x a h a x

w y
ϕ

ϕ ϕ γ γ
+

+
∈

∂ ∂
= −

∂ ∂ ∑ ∑             

      
\{0}

( )( )( ) ( ) ( ( ) ( )) ( ) (0) ( ) jk
j k k k j j j j j

k x D

v hv xh x a x a h h a h
y y

ϕ ϕ γ γ ϕ ϕ γ+
∈

∂∂
− − +

∂ ∂∑ ∑   

and 

 
\{0}

( ) ( )( ) ( )( ( ) ( ))
H
j k

j k j j k k
k x D

h v xh x a h a x
w y

ϕ
ϕ ϕ γ γ

−

+
∈

∂ ∂
= −

∂ ∂∑ ∑  

   
\{0}

( ) (0)( ) ( )( ( ) ( )) ( ) (0) ( ) .j
j k k k j j j j j

k x D

v h vh x a x a h h a h
y y

ϕ ϕ γ γ ϕ ϕ γ+
∈

∂ ∂
− − +

∂ ∂∑ ∑  

 

The proof of Corollary A3 is similar to the proof of Theorem 3. 

  

 Corollary A4 

 Under the assumptions of Corollary A3 it follows that  

 
\{0}

( ) ( ) ( )( )( ) ( ) min( ( ), ( ))j j jk
j k j j k k

k x D

h h v hv xh x a h a x
w w y y

ϕ ϕ
ϕ ϕ γ γ

+

∈

∂ ∂ ∂ ∂
− = − ∂ ∂ ∂ ∂ 

∑ ∑   

and  
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\{0}

( ) ( ) ( )( )( ) ( ) max( ( ), ( ))j j jk
j k j j k k

k x D

h h v hv xh x a h a x
w w y y

ϕ ϕ
ϕ ϕ γ γ

−

∈

∂ ∂ ∂ ∂
− = − ∂ ∂ ∂ ∂ 

∑ ∑  

   
( ) ( )(0)( ) (0) ( ) ( ) ( ) .j j

j j j j j j

v h v hvh a h h a h
y y y

ϕ ϕ γ ϕ γ
∂ ∂ ∂

+ − − ∂ ∂ ∂ 
    

 

 The proof of Corollary A4 is similar to the proof of Corollary 1. The next corollary gives the 

compensated marginal effects of the sectorial probabilities and it follows readily from Corollary A4. 

By aggregating over all sectors we obtain immediately the next result from Corollary A4. 

 

 Corollary A5 

 Under the assumptions of Corollary A3 we have that 

           
\{0} \{0} \{0}

( ) ( )
( ) ( ) ( ( ) ( )) (0) ( ) ( )

H
j j j

j k j j k k j j j
k h D x D h D

v h v h
h x a h a x h a h

w y y
ϕ

ϕ ϕ γ γ ϕ ϕ γ
+

+
∈ ∈ ∈

∂ ∂ ∂
= − +

∂ ∂ ∂∑ ∑ ∑ ∑             

           
\{0} \{0}

( )( ) ( ) ( ( ) ( ))k
j k k k j j

k h D x D

v xh x a x a h
y

ϕ ϕ γ γ +
∈ ∈

∂
− −

∂∑ ∑ ∑  

and 

           
( ) (0)( ) ( ) ( ( ) ( )) (0) ( ) ( )

H
j k

j k j j k k j j j
k h D x D h D

v x vh x a h a x h a h
w y y
ϕ

ϕ ϕ γ γ ϕ ϕ γ
−

+
∈ ∈ ∈

∂ ∂ ∂
= − +

∂ ∂ ∂∑∑∑ ∑  

   
( )

( ) ( ) ( ( ) ( )) .j
j k k k j j

k h D x D

v h
h x a x a h

y
ϕ ϕ γ γ +

∈ ∈

∂
− −

∂∑∑∑  

 

 From Corollary A5 the next result is immediate. 

 

 Corollary A6 

Under the assumptions of Corollary A3 we have that 

( ) (0)(0) ( ) ( ).
H H
j j j

j j j
h D

v h vh a h
w w y y
ϕ ϕ

ϕ ϕ γ
+ −

∈

∂ ∂ ∂ ∂
− = − ∂ ∂ ∂ ∂ 

∑  

 

 

Appendix B. 

 Proofs  
Consider a setting (labor market) with two levels of alternatives, sector and hours of work. Let jw  be 

the wage rate of sector j and y  the income and let jw  be the corresponding ex post attribute upper 

level r, r = 1, 2, …. Let  
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( , ) ( ; , ) ( ),j j j jU h y v h w y hε= +   (0, ) (0, ) (0)U y v y ε= +   

be the ex ante utility of alternative ( , )j h  and  

  ( , ) ( ; , ) ( )j j j jU h y v h w y hε= +

   and (0, ) (0, ) (0)U y v y ε= +

  

the corresponding ex post utilities where the error terms { ( )}j hε are iid with c.d.f. exp( exp( )).x− −  

Let ( , ; , )HQ k x j h  be the compensated  probability of switching from hours of work x in sector k to 

hours of work h in sector j after a policy intervention given that the ex ante and ex post utility levels 

are equal. The following Lemma follows from a straight forward extension of the result in Theorem 1. 

 

Lemma B1 

Under the assumptions of the multisectoral discrete labor supply model we have that 

(B.1)    
2

exp( ( ; , ) ( ; , )) ( ; , ) /
( , ; , )

( )

kx

jh

y
k k j j j jH

y

v x w y v h w z v h w z z
Q k x j h dz

M z
+ ∂ ∂

= ⋅∫
   

 

and 

(B.2)     
exp( ( ; , ))

( , ; , )
( )

j jH

jh

v h w y
Q j h j h

M y
=   

for j, k >0, x, h>0, where jhy  and 0y  is determined by  

  ( ; , ) ( ; , ),j j j j jhv h w y v h w y=  

0 0(0;, ) (0; )v y v y=   

and 

  
0 \{0}

( ) exp(max( ( ; , ), ( ; ))) (0;, ), (0; ))).exp(max(r r r
r x D

rM z v x w y v x w ,z y v ,zv
> ∈

= +∑ ∑    

The formulas for (0; , ),HQ j h ( , ;0)HQ k x  and (0;0)HQ  are similar to the relation in (B.1) and (B.2). 

 

Proof of Theorem A1: 

Let j j jw w w= + ∆  where jw∆  is small and positive. Let  

 ( ; , ) ( ( , ), ) log( ( ))j j j j jv h w y u f hw y h g hθ= +    and (0; ) ( (0, ),0).v y u f y=  

Define ( )jh jh jy y w=   by   

(B.3)           ( ( , ), ) ( ( , ( ), ).j j jh ju f w h y h u f w h y w h=     

Let ( , ; , )Q k x j h  be the probability of switching from hours of work x in sector k to hours of work h in 

sector j after a wage change from jw to jw  in sector j, ceteris paribus. Note that in this case 

( )kx ky w y=  for k j≠  and ( ) .jx jy w y<  It follows from (B.1) and the mean value theorem for 

integrals that when ,k j≠    
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(B.4)      2

(exp( ( ) ( )) ( ) / ( ))( ( ))
( , ; , )

( )
j j j j jh jH v x v h v h y O w y y w

Q k x j h
M y

+ ∂ ∂ + ∆ −
=



 

             
( )

( ) ( ) ( )j jh
j k j j

v h y
h x w o w

y
ϕ ϕ

′∂
= − ⋅ ⋅ ∆ + ∆

∂
 

where it is understood that the ex post function jv  is equal to the corresponding ex ante function since 

here there are no changes in taxes and other variables other than wage rates. 

  
0

( )
lim .

j

jh j
jh w

j

y w y
y

w∆ ↓

−
′ =

∆



   

Moreover, from (B.3) it follows by implicit differentiation that 

        
( ; , ) ( ; , )

0 j j jh j j jh
jh

j

v h w y v h w y
y

w y
∂ ∂

′= + ⋅
∂ ∂

 

which gives 

(B.5))       
1

2

( ) / ( , )
: ( ).

( ) / ( , )
j j j

jh j
j j

v h w f w h y h
y h

v h y f w h y
γ

′∂ ∂
′ = − = − = −

′∂ ∂
 

When (B.5) is inserted in (B.4) and we obtain that  

(B.6)        
( )

( , ; , ) ( ) ( ) ( ) ( )jH
j k j j j

v h
Q k x j h h x h w o w

y
ϕ ϕ γ

∂
= ∆ + ∆

∂
      

and, similarly, we also have that 

(B.7)         
( )

(0; , ) ( ) (0) ( ) ( ).jH
j j j j

v h
Q j h h h w o w

y
ϕ ϕ γ

∂
= ∆ + ∆

∂
 

Furthermore, by using the mean value theorem we get from (B.1) and (B.5) that 

(B.8)          ( , ; , ) ( ) ( )( ( ) / )( ( ) ( )) ( )H
j j j jx j jh j jQ j x j h h x v h y y w y w o wϕ ϕ += ∂ ∂ − + ∆   

           ( ) ( )( ( ) / )( ) ( )j j j jx jh j jx h v h y y y w o wϕ ϕ +′ ′= ∂ ∂ − ∆ + ∆  

   ( ) ( )( ( ) / )( ( ) ( )) ( ).j j j j j j jx h v h y h x w o wϕ ϕ γ γ += ∂ ∂ − ∆ + ∆  

Let ( )M z  be the modification of M(z)  that consists in replacing jw  by .jw  Also, the mean value 

theorem and (B.2) imply that 

(B.9) 
exp( ( ; , )) exp( ( ; , )) ( )( ( ) ( ))

( , ; , ) ( )
( )( ) ( )

j j j j j jhH
j

jh jh

v h w y v h w y h M y M y
Q j h j h h

M yM y M y
ϕ

ϕ
−

− = − =


 

 

  
(exp( ( ; , )) exp( ( ; , )))

( )
( )

x D j j jh j j
j

jh

v x w y v x w y
h

M y
ϕ ∈ +−∑

= − ⋅




  

  , ,( ; ) ( ; )
( ) ( ) ( )j j j j jh

j j j j
x D j j

v x w y v x w y y
h x w o w

w y w
ϕ ϕ

∈
+

 ∂ ∂ ∂
= − + ⋅ ∆ + ∆ ∑  ∂ ∂ ∂ 
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   ,( ; )
( ) ( ) ( ( ) ( )) ( )j j

j j j j j j
x D

v x w y
h x x h w o w

y
ϕ ϕ γ γ +

∈

∂
= − − ∆ + ∆∑

∂
 

Hence, it follows that 

(B.10)    

         0 { }

0

(0; , ) ( ; , ) + ( ; , ) ( ; , ) ( )
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j

H H H H
jH
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+ + −
∂

=
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Hence, (B.6) to (B.10) yield    

         
( ) ( )( ( ) ( )) ( )( ( ) ( ))
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H
j j j j j j j

j j j j
x D x Dj
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which equals the stated result. 

 Consider next the cross marginal compensated effect implied by a wage rate increase in sector 

k, ceteris paribus.. As above let k k kw w w ,= + ∆  where kw∆  is small and positive and .k j≠ Then it 

follows that rxy y=  when r k≠  and kxy y<  which implies that ( ; , ) = (0; , ) = 0H HQ r,x j h Q j h  when 

( , ) ( , ).r x j h≠  Furthermore, it follows from (B.2) that  

  
exp( ( ; , ))

( , , , ) .
exp( ( ; , )) exp( ( ; , )) exp( (0; ))

j jH

k r rx D r k x D

v h w y
Q j h j h
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Hence,  

  2
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j j k k k kH x D
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By the mean value theorem the latter expression implies that 
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w
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ϕ
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Hence, it follows from (B.10) and (B.11) that 
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Similarly, we have that ( ;0) = 0HQ r,x  and  

  (0)(0;0) (0) ( ).H
k k

k

Q w o w
w
ϕϕ ∂

− = ∆ + ∆
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Thus, in this case we conclude that 

  
( ) ( )j j

k k

h h
w w
ϕ ϕ+∂ ∂

=
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  and (0) (0) .
k kw w

ϕ ϕ+∂ ∂
=
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Consider next the direct marginal effect when the wage rate in sector j decreases, that is, jw∆

is negative. In this case ( )rx ry w y=  when r j≠  and ( )jx jy w y>  for all x. As a result we obtain 

from (B.1) that ( , ) 0HQ r,x, j h =  for ,r j≠  and (0; , ) 0.HQ j h =  Similarly to (B.8) it follows from 

(B.1) that 
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and  
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Furthermore, we have 
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     (0)( ) (0)j j
vw h

y
ϕ ϕ ∂

∆
∂

  

and  

(B.15) (0 0) (0) 0.HQ ; ϕ− =  

From (B.13), (B.14) and (B.15) we obtain that 

     
( ) ( ) ( )
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r j x D

v x vh h x h h
y y

ϕ γ ϕ ϕ γ ϕ
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∂ ∂
+ +
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 Consider finally the cross compensated marginal effects when 0.kw∆ <  In this case it follows 

that rxy y= for r k≠  and ( ) .kx ky w y>  Hence, (B.2) implies that ( , , ) ( ).H
jQ j h; j h hϕ=  Furthermore, 

(B.1) implies that ( , ; , ) 0HQ r x j h =  for r k≠ and ( , ) ( , ).r x j h≠  Hence, using (B.1) we obtain that    

   ( , ; , ) ( ) ( , ; , )H H
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r x D x D
Q r x j h h Q k x j hϕ
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− =∑∑ ∑  
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x D
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 ( )( ( ) / ) ( ) ( ) ( ).j j k k k k
x D

h v h y x x w o wϕ ϕ γ
∈

= − ∂ ∂ ∆ + ∆∑  

When dividing the expression above by kw∆ and letting kw∆ tend towards zero yields  
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j j k k

x Dk

h
h v h y x x

w
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Similarly, it follows that  

 (0) (0)( (0) / ) ( ) ( ).k k
x Dk

v y x x
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           Q.E.D. 
 
Proof of Theorem 3: 

It follows from Theorem A1 that 
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Next, note that  

        ( ) ( ( ) ( )) ( ) ( ( ) ( )) min( ( ), ( )).j j j j j j j jh h x x x h x hγ γ γ γ γ γ γ γ+ +− − = − − =  

Hence, the above expression reduces to  

         ( )( ) ( ) ( ) ( )
( ) ( )min ( ), ( ) .

H
j j j j

j j j j
x Dj j

h h v x v h
h x h x

w w y y
ϕ ϕ

ϕ ϕ γ γ
+

∈

∂ ∂ ∂ ∂ 
− = − ∂ ∂ ∂ ∂ 

∑       

Similarly,  

 
( ) ( )H H

j j

j j

h h
w w

ϕ ϕ−∂ ∂
− =

∂ ∂
 

( ) ( )
( ) ( )( ( ) ( )) ( ) ( ) ( ( ) ( ))j j

j j j j j j j j
x D x D

v h v x
h x h x h x x h

y y
ϕ ϕ γ γ ϕ ϕ γ γ+ +

∈ ∈

∂ ∂
− − −

∂ ∂∑ ∑  

         
( ) ( )

( ) ( ) ( ) ( ) ( )j j
j j j j j

x D

v h v x
h h h x x

y y
γ ϕ ϕ ϕ γ

∈

∂ ∂
− +

∂ ∂∑  

         
0

( )( ) (0)( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) (0)jr
j j r j j j j j

r x D x D

v xv x vh h x h h x h h
y y y

ϕ γ ϕ ϕ γ ϕ ϕ γ ϕ
> ∈ ∈

∂∂ ∂
+ − +

∂ ∂ ∂∑∑ ∑  

    
( ) ( )

( ) ( ) ( ( ) ( ( ) ( )) ) ( ) ( ) ( ( ) ( ( ) ( )) )j j
j j j j j j j j j j

x D x D

v x v h
h x x x h h x h h x

y y
ϕ ϕ γ γ γ ϕ ϕ γ γ γ+ +

∈ ∈

∂ ∂
= − − − − −

∂ ∂∑ ∑  

       
,0

( ) ( ) (0)( ) ( )( ( )) ( ) ( ) ( ) ( ) ( ) (0)j r
j j j j j j r j j

r j x D

v h v x vh h h h h x h h
y y y

γ ϕ ϕ ϕ ϕ γ ϕ ϕ γ ϕ
≠ ∈

∂ ∂ ∂
+ − + +

∂ ∂ ∂∑ ∑   

       
( ) ( )

( ) ( ) max( ( ), ( ))j j
j j j j

x D

v x v h
h x x h

y y
ϕ ϕ γ γ

∈

∂ ∂ 
= − ∂ ∂ 

∑ ( )( ) ( ) ( ) .r
j j r

r x D

v xh h x
y

γ ϕ ϕ
∈

 ∂
+  ∂ 

∑∑  

Finally, the formula for  

  
( ) ( )H

j j

k k

h h
w w

ϕ ϕ−∂ ∂
−

∂ ∂
 

is straight forward to verify. 

                 Q.E.D. 

 

Proof of Corollary A1: 

From Theorem 3 it follows that  

( )( ) ( ) ( )
( ) min ( ), ( ) ( )

H
j j j

j j j j
h h xj j

h h h h v x
h h h x x

w w y
ϕ ϕ

ϕ γ γ ϕ
+ ∂ ∂ ∂

− =  ∂ ∂ ∂ 
∑ ∑∑  

( )( )
( ) min ( ), ( ) ( )j

j j j j
h x

v h
h h h x x

y
ϕ γ γ ϕ

∂
−

∂∑∑  

( ) ( )( ) ( )
min ( ), ( ) min ( ), ( )j j j j

j j j j j j j j j j

v h v h
E h h h E h h h

y y
γ γ γ γ

   ′∂ ∂
′ ′= − − + −      ∂ ∂   
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( ) ( )( ) ( )
, min ( ), ( ) , min ( ), ( )j j j j

j j j j j j j j j j

v h v h
Cov h h h Cov h h h

y y
γ γ γ γ

   ′∂ ∂
′ ′= − − −      ∂ ∂   

 

    . 

The remaining marginal effects given in Corollary A1 are proved in a similar way.  

          Q.E.D. 

 

Proof of Corollary A2: 

Recall that ( ) /jv h y−∂ ∂ is increasing in h. The covariance 

 ( )( )
, min ( ), ( )j j

j j j j j

v h
Cov h h h

y
γ γ

 ∂
′−  ∂ 



   

is therefore positive and greater than the covariance  

 ( )( )
, min ( ), ( )j j

j j j j j

v h
Cov h h h

y
γ γ

 ′∂
′−  ∂ 



    

because in the latter expression ( ) /j jv h y′∂ ∂ is independent of .jh  Hence, the result of Corollary A2 

follows from Corollary A1. 

                   Q.E.D. 

Proof of Theorem 4: 

For simplicity and with no essential lack of generality we only consider the case with only one 

observable type of agents and one sector. Consider a reform where the tax parameter changes from t  

to .t   Let ( )hϕ  and ( , )h zϕ  denote the ex ante and ex post probability of working h hours with ex 

post non-labor income equal to z. Furthermore, hy  is determined by 

( ( ) , ) ( ( ) )hu hw T h y h u hw T h y− + = − +  where T  and T  represent the ex ante and ex post tax system 

and y is the ex ante income. Then it follows from Dagsvik and Karlström (2005) that  

(B.17)  
0

( ( , , ) | ) ( , ) .
hy

h D
E Y t t y y h z dzϕ

∈

= ∑ ∫

   

Since the choice probabilities add up to one, it follows from (B.17) that 

(B.18) 
0 0 0

( ( , , ) | ) ( , ) ( , ) ( )
h hy y y

h D h D
E Y t t y y y h z dz y h z dz h dzϕ ϕ ϕ

∈ ∈

 
− = − = −  

 
∑ ∑∫ ∫ ∫

   

 
0 0 0

( , ) ( , ) ( ( , ) ( ))
hy y y

h D
h z dz h z dz h z h dzϕ ϕ ϕ ϕ

∈

 
= − + −  

 
∑ ∫ ∫ ∫    

   
0 0 0 0 0

( , ) ( , ) ( ( , ) ( )) ( , ) ( , ) .
h hy yy y y

h D h D h D
h z dz h z dz h z y dz h z dz h z dzϕ ϕ ϕ ϕ ϕ ϕ

∈ ∈ ∈

   
= − + − = −      

   
∑ ∑ ∑∫ ∫ ∫ ∫ ∫      

Due to the mean value theorem the last equation implies that  
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       ( ( , , ) | ) ( , ) ( ) ( ) ( )
hy

h
h D h Dy

E Y t t y y y h z dz y y h o t tϕ ϕ
∈ ∈

− = = − + −∑ ∑∫ 

  

which implies that  

        ( ( , , ) | )lim ( ) .h

t t h D

yE Y t t y y y h
t t t

ϕ
→

∈

∂−
=

− ∂∑






  

From the definition of hy  given above it follows by implicit differentiation that / ( ) / .hy t T h t∂ ∂ = ∂ ∂  

This completes the proof. 
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