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Abstract

This paper examines how to measure welfare-relevant growth in economies undergoing
structural transformation, where persistent changes in relative prices and expenditure
patterns can lead to aggregation biases in standard output measures. We address this is-
sue within a continuous-time dynamic general equilibrium model featuring non-homothetic
preferences, sector-specific productivity trends, and investment-specific technical change.
We compare two welfare-based measures of real income growth: a current-base equivalent
variation measure and a chained Fisher—Shell index. The chained Fisher—Shell index coin-
cides with the chained Divisia index, providing strong theoretical foundations for national
accounting methodology and requiring the growth rates and nominal expenditure shares of
major expenditure components as sufficient statistics for a welfare-based output index. In
contrast, the current-base index is more informationally demanding, requires systematic
revisions, and introduces base-dependent biases that distort the evaluation of past growth.
Our quantitative analysis reveals that these biases are substantial, increase over time, and

conflict with key stylized facts in the structural transformation literature.
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1 Introduction

The Kaldor facts (Kaldor, 1961) have long provided the empirical foundation for bal-
anced growth models in macroeconomics. These models emphasize the constancy of
output and capital growth rates, factor income shares, and the capital-output ratio.
Yet, driven by structural transformation and embodied technological progress, sustained
changes in expenditure patterns, relative prices, and sectoral composition raise ques-
tions about the universality of balanced growth and the adequacy of standard output
measurement.! When growth is unbalanced, persistent shifts in relative prices and con-
sumption patterns may lead to aggregation biases —particularly when output is measured
using traditional fixed-base quantity indices. These biases can result in discrepancies be-
tween measured real GDP and welfare-relevant output. This observation motivates the
central question of this paper: how should we measure welfare-relevant output growth
in economies undergoing structural reallocation in consumption, from goods to services,
and experiencing investment-specific technical change that persistently lowers the relative

price of capital?

The analysis focuses on the chained Divisia index, which provides a theoretical bench-
mark for the chained Fisher—ideal index commonly used in national accounts to correct
the measurement biases introduced by fixed-base aggregation. We examine how the
measurement of real income through such indices affects the evaluation of welfare gains

in economies undergoing structural change and embodied technical progress.

Recent theoretical work has offered contrasting interpretations of how chained indices
relate to welfare when preferences evolve over time. We compare two such approaches:
Baqaee and Burstein (2022) and Durén and Licandro (2025).? Both build on the Fisher—
Shell principle (Fisher and Shell, 1968), which states that welfare comparisons under
time-varying preferences require a common preference order, with current preferences

serving as a natural baseline.

While both frameworks adopt this principle, they differ in how it is implemented.

1See the related literature section below for further discussion of the unbalanced growth properties

of structural transformation and embodied technical progress models.

2See also the foundational paper by Licandro et al. (2002), which proposes the application of the
Fisher—Shell principle to the measurement of output growth, and the discrete-time application in Duer-
necker et al. (2021).



Baqaee and Burstein (2022) construct an equivalent variation measure using current
preferences to evaluate the entire history of income growth. In the following, we refer
to it as a current-base Fisher—Shell quantity index. This approach requires stability
and homotheticity of preferences to ensure that chained Divisia indices are consistent
with welfare. Absent these conditions, the chained Divisia index may diverge from their
equivalent variation measure. In contrast, Duran and Licandro (2025) apply the Fisher—
Shell principle in a local, dynamic setting, constructing an equivalent variation measure
by using preferences at each point in time to evaluate marginal welfare gains, which
are then integrated along the growth path. They refer to it as a chained Fisher—Shell
quantity inder and show that in continuous-time dynamic general equilibrium models
it coincides with the chained Divisia index. Their approach does not require stable or
homothetic preferences, and it allows the index to adapt flexibly to evolving income,

preferences, and prices.

We quantitatively evaluate these two alternative welfare-based measures of real in-
come growth within a continuous-time structural transformation framework inspired by
Herrendorf et al. (2021). In particular, we assess how the use of either the equivalent
variation measure of Baqaee and Burstein (2022) or the chained Fisher—Shell quantity
index of Durdn and Licandro (2025) affects measured growth in an economy undergoing
structural change. The model integrates the two key drivers of unbalanced growth, struc-
tural transformation and investment-specific technological change (ISTC), and embeds
non-homothetic preferences, sector-specific productivity trends, and a flexible technol-
ogy for the production of investment goods. This makes it ideally suited to study how
changes in preferences, technology, and prices shape both real income dynamics and their

measurement.

Our analysis shows that the chained Fisher—Shell index —by continuously updating
preferences and prices— yields a welfare-consistent measure of real GDP growth, exactly
equal to a chained Divisia index. This measure is invariant to the choice of reference
time and accurately tracks balanced and unbalanced growth properties of the economy.
In contrast, the current-base index systematically underestimates welfare gains along the
structural transformation path relative to the Divisia index, while a past-base index over-
estimates them. As time passes and past economic progress is repeatedly re-evaluated
through successive current-base Fisher—Shell measures, the perceived gains from growth

appear to shrink.



To see the intuition, consider the US structural transformation model that is the
focus of our quantitative analysis. When we evaluate past income growth using today’s
preferences (a current-base index), we overstate the historical share of consumption ex-
penditure in GDP because, under ISTC, today’s preferences value consumption more
relative to investment than past preferences did. Since consumption grows more slowly
than investment along the structural transformation path, overstating the past consump-
tion share leads measured real income growth to be understated. Conversely, when we
evaluate past income growth using past preferences, we understate the historical share
of consumption in GDP. Understating the past consumption share —the slower-growing
component— causes measured real income growth to be overstated. The chained Di-
visia index avoids both biases by continuously updating preferences and prices along the

growth path, delivering a welfare-consistent measure of real income growth.

This result underscores the central role of measurement in the analysis of structural
transformation. Although chained indices such as the Fisher—ideal index are widely used
in statistical practice —often for pragmatic reasons, such as limiting revisions when base
years change— their deeper welfare-theoretic justification lies in their ability to accommo-
date evolving preferences and relative prices. From this perspective, the main contribu-
tion of this paper is to establish a conceptual foundation for welfare-based measurement
in dynamic environments with evolving preferences and prices. This welfare-theoretic
perspective highlights the essential role of chained indices in accurately capturing welfare-

based output growth in dynamic economies.

To assess whether these findings depend on the particular PIGL specification, we
replicate the quantitative analysis using the non-homothetic CES preferences proposed
by Comin et al. (2021). This alternative specification separates the intertemporal elastic-
ity of substitution from the parameters governing income effects across consumption cate-
gories and fits the observed structural transformation as well as the baseline model. The
results remain essentially unchanged: the current-base Fisher—Shell index understates
welfare growth relative to the Divisia index, whereas the reference-base index overstates
it. Moreover, the quantitative discrepancies between the fixed-base and chained mea-
sures are similar to those obtained under PIGL preferences. The measurement results
are therefore a general consequence of evaluating growth under non-homothetic prefer-
ences at different reference points, rather than an artefact of the particular preference

specification adopted in the baseline model.



In addition to its theoretical implications, our approach yields a second major contri-
bution: it establishes a direct and transparent link between model-based welfare measure-
ment and observable data. Specifically, welfare-relevant output growth can be expressed
as a chained Divisia index that depends only on the growth rates and nominal expendi-
ture shares of the main components of aggregate expenditure. As shown by Durdan and
Licandro (2025), this index coincides with the chained Fisher—Shell index in continuous-
time settings, and can be constructed from standard national accounts data without

requiring auxiliary assumptions or data transformations.

This result implies that the key statistics commonly used in the structural trans-
formation and investment-specific technical change literatures —-namely, component-level
growth rates and nominal expenditure shares— are sufficient to measure welfare-relevant
output growth. Our analysis provides a theoretical guarantee that GDP measured using
the Fisher—Shell index is consistent with welfare. This makes the index not only prac-
tically implementable using national accounts data, but also widely applicable across a

broad class of structural change models, including those discussed in Footnote 3 below.

Related Literature. The broader context for our analysis lies in two literatures con-
cerned with the dynamics of unbalanced growth: the structural reallocation of economic

activity and the role of embodied technological change.

The literature on structural transformation has identified persistent shifts in sectoral
labor shares, consumption patterns, and productivity as key features of long-run de-
velopment (Kuznets, 1966; Duarte and Restuccia, 2010). A substantial body of theory
attributes these patterns to mechanisms such as non-homothetic preferences (Kongsamut
et al., 2001), differential productivity growth (Ngai and Pissarides, 2007), and capital
deepening (Acemoglu and Guerrieri, 2008). These mechanisms are often combined in
unified frameworks, such as Herrendorf et al. (2013), to jointly capture income and
substitution effects.> Among these contributions, Boppart (2014) proposes the price-
independent generalised-linear (PIGL) class of preferences, while Comin et al. (2021)
develops a non-homothetic CES specification, both allowing income and relative-price

effects to jointly shape the process of structural transformation.

The literature on embodied technical progress documents the secular decline in the

3See also Herrendorf et al. (2014) for a survey, and alternative formulations in Buera and Kaboski
(2009), Boppart (2014), Alvarez-Cuadrado et al. (2017), Swiecki (2017), Comin et al. (2021), and Alder
et al. (2022).



relative price of investment goods as a result of investment-specific technological change
(ISTC) (Gordon, 1990; Greenwood et al., 1997; Boucekkine et al., 2003). This empirical
regularity has prompted important revisions in national accounts methodology, including
the adoption of chained Fisher—ideal indices by the BEA in 1996 to better reflect relative
price changes and expenditure shifts.® While these indices are now standard practice,
their welfare-theoretic properties have received less attention. Our paper contributes
to this literature by examining whether such indices capture welfare-relevant growth in
environments with structural reallocation and ISTC, drawing on the theory of index
numbers (Fisher, 1922; Fisher and Shell, 1968; Diewert, 1976, 1978; Caves et al., 1982).

Building on these insights, Herrendorf et al. (2021) propose a unified framework
that integrates structural transformation and embodied technical progress into a single
general equilibrium model. Their approach allows for both sector-specific productiv-
ity trends and investment-specific technological change, capturing the dual sources of
unbalanced growth documented in the data. By embedding vintage capital and non-
homothetic preferences within a three-sector model, they show how the simultaneous
evolution of preferences, productivity, and relative prices jointly determine the sectoral
composition of output, consumption and investment over time. This framework enables
a richer understanding of long-run growth dynamics and highlights the importance of
using consistent measurement tools, such as chained indices and quality-adjusted prices,

to accurately track welfare-relevant changes in economic activity.

A growing recent literature revisits the measurement of welfare using microeconomic
data and flexible preference structures. For example, Atkin et al. (2023) develop a
method to estimate welfare and inequality when price data are incomplete by exploiting
shifts in Engel curves across households, allowing equivalent and compensating variations

to be recovered from expenditure survey data under quasi-separable preferences.

A closely related contribution is Baqaee and Burstein (2022), who study welfare
measurement in environments with non-homothetic preferences and taste shocks. They
construct a money-metric measure of welfare based on an equivalent variation concept
that evaluates consumption bundles using current-period preferences. Aggregating across
households, they derive a macro welfare index that can be used to rank alternative
production possibilities frontiers and to compare welfare across equilibria. In contrast,

our approach evaluates welfare changes along the growth path by chaining preferences

4See Parker and Triplett (1996) and Whelan (2002).



over time, rather than fixing them at a single reference date. This allows welfare changes
to be measured locally along the transition path. Moreover, because preferences admit
a Bellman representation in the dynamic environment we study, welfare comparisons
can be conducted directly at the micro level without the need to construct an aggregate
welfare index. Building on this framework, Baqaee et al. (2023) propose a method to
measure welfare by matching households across time in micro data, allowing welfare
comparisons even when the cross-sectional distribution of consumption and preferences
evolves. Related work by Jaravel and Lashkari (2023) develops nonparametric methods
to measure consumer welfare growth under income-dependent preferences, highlighting
how non-homothetic demand and product-level price changes shape welfare-relevant price

indices.

While these contributions emphasize the measurement of welfare using detailed micro
data and flexible demand systems, our paper focuses on the welfare interpretation of ag-
gregate output indices commonly used in macroeconomic analysis and national accounts.
In particular, we study whether chained quantity indices, such as the Divisia or Fisher
indices, provide a welfare-consistent measure of output growth in dynamic environments

with structural transformation and investment-specific technological change.

2 Structural Transformation Model

To compare the behavior of fixed-base Fisher—Shell indices with that of the chained
Fisher—Shell index, this section adopts a continuous-time version of the structural trans-
formation model developed by Herrendorf et al. (2021). Hereafter, we refer to it as the
HRV structural transformation model. In a closed economy, the model features three
sectors: goods, services, and investment, with non-homothetic preferences defined over
consumption of goods and services. Both goods and services are also used in the pro-
duction of investment, which is governed by a CES technology. This framework provides
a rich environment for evaluating how fixed-base and chained true quantity indices cap-
ture welfare-relevant income growth along a balanced growth path with non-homothetic

preferences, time-varying income elasticities, and a constant elasticity of substitution.

Description of technology. We assume that goods and services are produced by

distinct sectors. Value added in each sector is generated using Cobb-Douglas production



technologies

Yie = Ajuk,LiG°
where j, j € {g, s}, indexes the goods and services sectors, respectively. These production
functions share a common capital intensity parameter 6, 6 € (0,1), but differ in total
factor productivity, denoted A, ;. Each sector employs the same homogeneous production

factors, capital K;; and labor L;,, which are freely mobile across sectors. It follows that
Kg,t + Ks,t = Kt and Lgﬂg + Ls,t = Lt,
where K; and L; denote the economy’s total capital and labor endowments, respectively.

Investment is produced using a CES technology

1 e—1 1 e—1 5571
L= Ay (02 X,5 + (1-w)iXg ) (1)
where X, ; and X ; denote inputs from the goods and services sectors, respectively. The
parameter €, € > 0, governs the elasticity of substitution between these inputs, and w,
w € (0,1), captures their relative weight in the production of investment. The term
A, . represents investment-specific productivity, which is neutral with respect to input

composition.

Capital depreciates at a constant rate § > 0 and evolves according to the standard

law of motion

K, = I, - 0K,. (2)

In equilibrium, efficiency requires that output in each sector be allocated between con-

sumption and investment inputs such that
Cop +Xg: =Yy, and C5y + X, =Y,
where Cy; and Cy; denote consumption of goods and services, respectively.

Equilibrium prices. Under constant returns to scale in the investment sector and
perfectly competitive markets, the equilibrium path of relative prices depends solely
on differences in sectoral technical progress. This property ensures that the evolution
of prices is independent of the interaction between income and substitution effects in

consumption decisions.

It is straightforward to show that at equilibrium the relative price of goods, P, ;, to

services, P, satisfies
Pg,t . As,t

)
Ps t Ag,t

)



that is, it equals the inverse of the relative sectoral TFPs.

We adopt the investment good as the numeraire. It is easy to see that, at equilibrium,

the prices of goods and services, relative to the prices of investment, are given by

At At
P,=— d P,= ,
g5t Ag,t ) an it As,t
where
Ay = Ay (wA;_tl + (1 - cu)fli;l)g ) (3)

As shown below, A; corresponds to total factor productivity in the investment sector. At
equilibrium in the investment sector, the ratios of expenditure shares and input quantities
on goods and services are given by

ngthyt _ w A57t 1-e and Xg,t _ w Ag,t c
Ps,th,t 1—w Ag,t Xs,t 1—w As,t ’

In what follows, and consistently with the data, we impose the following assumption

on sectoral TFP:

Assumption 1. Sectoral total factor productivity evolves according to Ay, = Ago €9,

Agr = Aso %', and Ay = Ao e, where the growth rates satisfy ga > g, > gs.”

As a consequence, the growth rates of P,; and F;;, denoted respectively 7, and 7,
are given by
Tg =9A =99 < JA — Gs = Ts-
Under Assumption 1, the model delivers the prediction, consistent with the data, that
consumption service prices grow faster than consumption goods prices. In addition,
the overall consumption price index increases more rapidly than the price of investment

goods.

Aggregate production technology. As in the National Accounts, we define aggre-

gate final output, measured in units of the investment good, as
Y, = Pj:Cyi + Ps i Csy + 1. (4)
Herrendorf et al. (2021) show that at equilibrium the aggregate production function is
Y, = AK]L;, (5)

where A; is the investment-sector productivity index defined in equation (3). Notice,

however, that Y; is arbitrarily measured in units of the investment good.

°In equation (3), A, ; adjusts to be consistent with this assumption.

9



Aggregate dynamics. Combining equations (2), (4), and (5), the law of motion for
capital, for ¢ > 0, given the exogenous path of A; and an initial capital stock Ky > 0,
can be written as

Ky = AK]LY — B —0K,

~—

It

where

E, = P;;Cyy + P, ;Cyy

denotes total consumption expenditure, measured in units of the investment good.

Non-homothetic preferences. Let population be denoted by N, growing at a con-
stant rate n, n > 0. At each point in time ¢, every individual supplies h; units of
human capital, which grows exogenously at rate g, g, > 0. Total labor supplied is thus

L; = hy Ny, and is offered inelastically.

The economy features an infinitely lived representative household whose preferences
are represented by the intertemporal utility function

0
f Ulegy, Csi) e(n=r)t dt,
0

where p > n is the subjective discount rate and U(-) is per capita utility. The instan-
taneous utility function U(-) is assumed to belong to the price-independent generalized-
linear (PIGL) class —see Boppart (2014). It depends on per capita consumption of goods

and services, defined as ¢,; = C, /Ny and ¢, = Cy /Ny, respectively.

Since the PIGL class generally lacks a closed-form direct utility representation, we
work with its indirect utility form V' (e, Py, Ps:), where e, = E;/N; denotes per capita

consumption expenditure. Following Boppart (2014), we make the following assumption

Assumption 2. The instantaneous utility function U(cyy, cs;) belongs to the PIGL class

and has the following indirect utility representation:

1 e\~ Ui Pyt ’
P,y Py)) = — SR IR O (2
Ve, Pyy, Psy) N ((P&t) ) + 5 ( (P&t : (6)

wheren >0 and 1 >y > x > 0.

The functional form of the indirect utility function in (6) implies non-homothetic
preferences whenever xy > 0, and it captures the two classical channels behind structural

transformation: income and price effects. The two terms on the right-hand side of (6)

10



admit a natural interpretation. The first term represents the utility obtained from al-
locating all consumption expenditure to services, while the second term measures the
additional utility gain from reallocating part of that expenditure to the consumption of
goods. The first term depends positively on total income e, reflecting the income ef-
fect, while the second term depends negatively on the relative price of goods to services,

P,/ Py, reflecting the substitution effect.

The expenditure share on goods, derived using Roy’s identity, is given by

Pg tCq t €t X Pg t K
= oot ot 7
Soit €¢ 7 Ps,t Ps,t ( )

The first term on the right-hand side of (7) captures the income effect: as total expendi-

ture e; rises, the consumption bundle shifts from goods to services when y > 0, consistent
with the interpretation of services as luxuries and goods as necessities. The second term
captures the substitution effect: under v > 0, goods and services are complements, and

the magnitude of the substitution effect decreases with ~.

Assumption 3 below states the necessary and sufficient condition for the indirect

utility function in (6) to satisfy standard regularity conditions —~Lemma 1 in Boppart
(2014).

Assumption 3. The following necessary and sufficient condition, for the indirect utility

function in (6) to satisfy standard regularity conditions, holds
11— _ 1 —
ef = ﬁ nP;tP;ft v or equivalently Sgt < d

The second inequality follows directly from applying equation (7).
Intertemporal problem and intratemporal allocation. Under Assumption 2, the

representative household chooses a path {e;, k;} for per capita consumption expenditure

and capital that solves the following dynamic program

o0
v(ko) = maxj V(et, Pyt, Pst) e =P, (8)

{et.ke} Jo

subject to the law of motion for capital per capita

kt = A\tkf — €t — (5 + n)kt, (9)

6Tt is easy to show that the left-hand-side of this condition grows faster than the right-hand-side.
Consequently, the inequality holds for all ¢ > 0 if initial conditions are such that the condition holds at
time ¢ = 0. In other words, the economy must be rich enough at the initial time for preferences to be
well-defined.

11



where k; = K;/N; and .,it = Ath%_e and p > n > 0. Notice that the only relevant term
X

in the indirect utility function (6) is i (%) . Consequently, preferences are constant

intertemporal elasticity of substitution (CIES) with respect to consumption expenditure,

with the discount factor given by I';y = P, *e )" which from Assumption 1 declines

over time since P, increases, as in the data.”

The Euler equation characterizing the solution to the household’s problem is®
2—Z=ﬁ(9ﬁtkf_l—P—5—X7Ts)' (10)
An equilibrium path for {e;, k;} is given by the system of ODEs formed by equations (9)
and (10), given the initial condition kg, ko > 0, and a standard transversality condition.”
The intratemporal allocation of expenditure between goods and services can then be
characterized by equation (7). Given this expression, ¢, is determined directly. The

level of ¢, then follows from the expenditure constraint e, = P, ¢y + PsiCs 4.

Aggregate Balanced Growth Path (ABGP). Along the aggregate balanced growth
path (ABGP), per capita variables {k;, e;,y;} grow at the constant rate

_ 94

From the Euler equation (10), capital per capita evolves according to

~Ls O+ xms+ (1—
ki = kT A where  r:= 27 XW@ ( X)gk. (11)

Substituting into equation (9), the path of per capita consumption expenditure satisfies
ef = (k=8 —n— gkt (12)

From the aggregate production function (5), gross and net nominal income per capita
are given by

yr = Ak = kk* and  md = (k — 6k,

where the second equality for y; follows from (11). The consumption shares of gross and

net income, respectively, are
e K—0—n-— K—0—mn—

% o and L = I (13)
yi K m; Kk—0

"In this framework the intertemporal elasticity of substitution is 1/(1 — ).
8For a formal derivation, see Lemma 4 in Boppart (2014).

9In the particular case of homothetic preferences, y = 0 and the Euler equation corresponds to the
case of unit intertemporal elasticity of substitution. The model becomes the two-sector growth model

in Greenwood et al. (1997) without leisure.

12



We impose Assumption 4, under which Proposition 1 in Herrendorf et al. (2021)
applies and an ABGP exists.

Assumption 4. The discount rate satisfies

7
P>X(m 9A+gh+gs) +n,

which guarantees the existence of an ABGP.

Assumption 4 is the standard condition guaranteeing that the objective in (8) is bounded.

On the Divisia index. We begin by characterizing the behavior of the Divisia index
along the ABGP and decomposing its components. We then turn to its implications for

welfare measurement.

From (7), the growth rate of goods consumption along the ABGP is

0
9oy = (1= X) <ﬂ 9A+gh+gs) + (1 =) (g5 — 9s) > 0.

This growth rate is constant along the ABGP. It rises with embodied technical progress,
1%99 4, human capital accumulation, g5, and technical progress in services, g, as these
forces increase consumption expenditure measured in services units. In addition, it
increases with the productivity growth differential between goods and services, with the

strength of this effect governed by 1 — 7.

The share of goods in total consumption expenditure is, from equation (7),

€t X Pg,t K
S = — .
9 7 Ps,t Ps,t

Along the ABGP, s, declines over time, a well-documented feature of goods expenditure

shares in the data, and converges to zero asymptotically. Consequently, if Assumption 3

holds at the initial date, it continues to hold along the ABGP.
From equation (7), real consumption of services satisfies

1-x 0l
€t €t Pgt €t
- L L) = (1= syy) —.
cS,t Ps,t 1 (Ps,t> (Ps,t> ( Sg,t) Ps,t

Cs,

The growth rate g ; := >

can be computed from this expression. As time goes to

infinity, g.,: converges from above to
Y=gy — T = f +gn +
9e, = Gk s = 1_ egA gh T Gs-

13



In the long run, consumption of services benefits not only from direct gains in sectoral
TFP, as given by g,, but also from gains in human capital, g5, and investment-specific
technical progress, as given by ﬁ g4 In the transition, there is an additional effect given

by sectoral reallocation (fall in s,;) driven by both income and substitution effects.

Finally, along the ABGP, the Divisia index for per capita gross domestic product is

defined as follows:

gtD = Se (Sg,tgcg + (1 - ngt)gcsﬂf) +(1 - Se)ga”

. J/
v

§e,t
where g, is the growth rate of real consumption expenditure in per capita terms, and
g: = gi is the growth rate of investment per capita. The shares of consumption ex-
* *
penditure in gross and net income are given by s, = {%, %}, respectively. From
t t
equation (13), s, is constant along the ABGP. Moreover, g, differs from the growth rate

of consumption expenditure measured in units of the investment good, g. = gx.

Along the ABGP, output measured in units of the investment good grows at a con-
stant rate. However, the price of consumption expenditure rises relative to the price of
investment. As a result, when output is deflated by the Divisia price index, its measured

growth rate declines over time.

Proposition 1. Under Assumptions 1 to 4, along the ABGP of the structural transfor-
mation economy, the growth rate of real GDP, as measured by the Divisia index, declines
over time.

PROOF: See Appendix A.1.

The Divisia price index for consumption expenditure is given by
Tet = SgiTg + (1 — 5,4)7s.

Since my > 0, mg > 0, and 7, > 7y, the relative price of investment declines over time, as

observed in the data.

Moreover, this relative price decline accelerates as the share of goods in total con-
sumption expenditure, s,;, decreases over time. Consequently, when real GDP is mea-
sured using the Divisia index, its growth rate-and thus measured TFP growth—declines

persistently, providing a theoretical account of the observed productivity slowdown.

14



3 Index Number Theory and GDP Growth

This section develops a theoretical framework linking dynamic general equilibrium and
index number theory, providing a rigorous foundation for measuring real income growth.
We formulate the Bellman representation of household preferences and derive the asso-

ciated welfare-based indices that are central to our quantitative analysis.

3.1 Bellman Representation and the Fisher—Shell Principle

Bellman representation of preferences. Following Durén and Licandro (2025), the
Bellman representation of the preferences of the representative household at time t is
given by

Wcgt, s xesvn) = Ulcgu, Csp) + i, (14)

where z; = k, denotes net investment per capita and vy = v'(k;) is the marginal value of
capital at time ¢, which is taken as given when consumption and investment decisions
are made. Under this representation, preferences are non-homothetic and time-varying,
indexed by the marginal value of capital v;. The quasi-linearity of the Bellman represen-
tation arises from the additive separability of intertemporal preferences, which ensures

that the marginal value of capital is independent of current consumption decisions.

To assess the welfare implications of output growth in a structural transformation
economy, it is necessary to represent household preferences over per capita current con-
sumption in goods and services and per capita current investment in a way that is
compatible with intertemporal optimization. The Bellman representation offers such a
framework by mapping the recursive structure of preferences into a static formulation
that depends only on current choices, with net investment being valued at the marginal
value of capital. This representation captures the trade-off between present consumption
and future utility derived from investment, enabling meaningful welfare comparisons over
time. Crucially, because it summarizes the value of postponed consumption through the
marginal value of capital, the Bellman representation provides a consistent basis for ap-
plying index number theory in dynamic settings. This allows the construction of output
growth indices, such as the Fisher—Shell true quantity index, that accurately reflect wel-

fare changes without requiring knowledge of the entire sequence of consumption utility.°

10See Durén and Licandro (2025) for a more detailed discussion.
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At any time ¢, the representative household maximizes the Bellman representation of

preferences (14) with respect to {c,, css, 2+ }, subject to the per capita budget constraint
Pyicgr + Psycsy + xp = my, (15)

where m; denotes current net per capita income. Note that in equilibrium m; = y; — 0k;.
It is important to emphasize that y; and m; refer to nominal income per capita, gross,
and net, as they are expressed in units of the numeraire. They do not represent real
expenditure, although they are measured in units of the investment good. Consequently,
aggregate nominal income is given by Y; = y;N; and M; = m,;N;, which we take as our
measures of nominal GDP and NDP, respectively. All the arguments that follow are

independent of the choice of the numeraire.

Before applying index number theory to the Bellman representation in (14), Propo-
sition 2 below derives the corresponding indirect utility function and the associated

expenditure function in the particular case of PIGL preferences.

Proposition 2. Under Assumptions 1-/, the indirect utility and expenditure functions

associated with the Bellman representation of preferences in equation (14) are given by

u(m, Py, Piv) =V ((VPX)¥1 Py, Py) + v (m— (vP)T), (16)
and )
. w V(ePyTERR)
f(w, Py, Ps;v) = (vPX)x—T + o ” , (17)

where w denotes a utility level as defined in (14).

PROOF: See Appendix A.2.

Thanks to the quasi-linearity of the Bellman representation, which as explained above
is a direct implication of intertemporal separable preferences, the indirect utility function
is linear in net income m, and the expenditure function is linear in the contribution of

current consumption and current net investment to welfare w.

An important property of the HRV structural transformation model is that, in equi-
librium, the marginal value of consumption expenditure measured in units of the invest-
ment good, a\g_e(-)’ equals the marginal value of capital, v. This envelope condition implies

that equilibrium consumption expenditure satisfies'!

e = (vPX)<T . (18)

LA formal derivation is in the proof of Proposition 2 in Appendix A.2.
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The higher the value of capital, v, the greater the opportunity cost of consumption, and

therefore the lower the consumption expenditure.!?

Along the ABGP, P;; and e; grow at the constant rates my = g4 — g; > 0, and
gr = %5 + gn, respectively. Consequently, the marginal value of capital v; grows at rate
gy = —((1 = Xx)gk + x7s). Since gy > 7 and y € (0,1), we have g, > |g,| > 7, and 1,
declines more slowly than capital accumulates. Under homothetic preferences (x = 0),
the income effect in equation (7) vanishes, the expression simplifies to g, = —gy, and the

marginal value of capital declines exactly at the rate at which capital grows.

Notice that the indirect utility function (16) can be written as
u(m, Py, Ps;v) =vm + <V <(VP§)$ , Py, Ps) —v (l/PSX)ﬁ ) , (19)

where v'm represents the utility of allocating all income to investment, and the second
term captures the welfare gain from reallocating part of it to consumption —measured as
the difference between the utility of consumption and its opportunity cost. From now
on, we will refer to the second term as the consumption reallocation gain. Similarly, we
can write the expenditure function (17) as

b paw) V(WP By By) — v (vPY)FT | o0

14 14

which represents the income required to attain utility level w by investing all income,
w/v, minus the saving from reallocating part of it to consumption. The only difference
between the second terms in the two expressions is the unit of measurement: in (19), it is
expressed in consumption utility units; in (20), in investment units, with v representing

the marginal value of capital.

Fisher—Shell principle. Based on the Fisher—Shell principle, which states that in-
tertemporal welfare comparisons must be made using a consistent preference ordering,
and following the logic of the equivalent variation measure introduced by Licandro et al.
(2002), and refined by Durdn and Licandro (2025), we adopt time ¢ as the base preference

order to compare welfare at time 7 with welfare at time z by means of the equivalent

12The initial stock of capital must be sufficiently large for 1y to be small enough to ensure that

Assumption 3 holds.
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variation measure'3

mt,z,fr = f(u(mm Pg,7'7 PS,T; Vt)a Pg,za Ps,z; Vt) . (21)

We use preferences v; to measure the income needed in 7 to generate time-7 utility at
z prices. In other words, the quantity m ., represents the hypothetical level of income
per capita, valued at time z prices, that the representative household would have needed
at time 7 to attain the utility achievable under historical income and prices at 7, when
evaluated using the Bellman representation of preferences at time ¢. In (21), the time-¢
Bellman representation of preferences is called the base preference order, and the time-z
prices are called the base prices. They are captured by the first and second subscripts in
M4 ».r, respectively. Substituting (19) evaluated at 7 and (20) evaluated at z into (21),
and reorganizing terms, we get

mt,z,r =m, + <V(é\t7~m Pg,7'> Ps,‘r) - Vté\t,7> . (V(é\t,za Pg,27 s,z) - Vt/e\t,z) : (22)

Vg Vg

where €, , = (thgfm)ﬁ, for x = {z,7}.'* The equivalent variation measure at T, M 2
is equal to current income, m., plus the difference between consumption reallocation
gains at time-7 prices and at base prices, both evaluated using time-t¢ preferences, the
base preference order. Throughout the paper, variables without a hat denote equilibrium

values, whereas hatted variables represent equivalent variation measures.

The following proposition shows that the gap between the equivalent variation and
the observed (equilibrium) income measures fundamentally depends on the share of goods
in total consumption expenditure, evaluated at the base preference ordering. In turn,
this gap is entirely driven by differences in prices between the evaluation date and the

base period.
Proposition 3. Under the conditions of Proposition 2
ﬁlt,z,f =m;+ Bt,z,T gt,z;

where
X

By, = (1 L ;) (P_> B (1 L A)
X g Ps,T X y

I3This equivalent variation measure is consistent with the equivalent variation measure suggested by

Baqaee and Burstein (2022). See their Definition 3.

4When computing equivalent variation measures, € ,, Assumption 3 needs to be checked for the

underline preferences to be well defined.
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and, for v € {z, T},

=~ —-X Y
~ B Ctx Pg,w d ~ B px —Xil
Sg,t@ - n P P an 6t7x - Vt S,x °
S, T $,T

PROOF: See Appendix A.3.

In Proposition 3, the gap between the equivalent variation measure of income v , ,
and current income m, in (22) simplifies to a factor B; ., that multiplies the equivalent
variation measure of consumption expenditure in z, e; ,. This factor critically depends on
the difference between the equivalent variation measures of the consumption reallocation
gains between 7 and z, the last one corrected by the change in the price of services, the
price used in (6) to measure real income gains. This deviation depends critically on the
fixed-base preference order, as represented by 1. However, when measured around z,
that is, when evaluated at 7 = z, it completely vanishes since consumption reallocation

gains are equalized. Then m, ., = m, irrespective of the fixed-base preference order t.

When measuring consumption expenditure at z using the time-¢ Bellman representa-
tion of preferences, the equivalent variation measure values investment by v, instead of
v,. Consequently, since in equilibrium the marginal value of capital decreases over time,
the equivalent variation measure of consumption expenditure, €; ., exceeds the observed
expenditure e, if z < t. At a lower investment value, it is preferable to consume more.
As a result, the equivalent variation measure of the share of consumption expenditure

in goods, S, is lower than s, . due to a stronger income effect.

It is interesting to notice that

msr -1 Bt,z,T et,z

mt,z,T mt,z,ﬂ-

is the NDP deflator associated with the per capita real NDP measure m , ..

Proposition 3 is instrumental in showing the following result:

Proposition 4. Under the conditions of Proposition 2

dlongt,z,T _ ﬁ::; (g2 + dev.r) == Gp. .
where
92 = Ser (8grGeyr + (1= 8g.1)Gesr) + (1 = Ser)Gurs
and
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with

PROOF: See Appendix A 4.

At any time 7, the growth rate of real income, as measured by the equivalent varia-
tion measure ., in (21), is equal to the Divisia index g2 plus an additive deviation

mr

dev, . -, the sum multiplied by the scaling factor =

which captures the discrepancy

Y
12, T

between observed income and its equivalent variation measure. Both dev; . . and ="
are critically influenced by the choice of base preference order and base prices. Théée
choices significantly affect the income deflator by altering the equivalent variation mea-
sures of the expenditure share of consumption in total income, as well as the share of
goods and services in total consumption expenditure. In what follows, we analyze these
effects for the fixed-base Fisher—Shell (FS) and chained FS indices, along with a hybrid
index: the price-chained FS index which uses a fixed preference order. Each of these
indices corresponds to a different specification of the equivalent variation measures of

the shares 5.; .. and 544 ..

3.2 Fisher—Shell Indices

From now on, suppose that a National Statistical Agency (NSA) has recorded National-
Accounts data from an initial date ¢y to the current date t;. The NSA seeks to measure
welfare gains in a manner consistent with the Fisher—Shell principle. A key question is:
for any past date z € (tg,t1), which base preference order and which base prices should

be adopted?

To shed light on the consequences of the different approaches available, we introduce

three alternative indices.

(i) Base-time Fisher—Shell index. For every z € (to, 1), both the base preference
order and the base prices are taken from the current date ¢;; the resulting measure
is an equivalent-variation index relative to t;. This index is similar to the one
proposed by Baqgaee and Burstein (2022). For comparability, we also define the
polar index, which adopts the initial period t; as the base. We refer to the former

as the current-base F'S index and to the latter as the reference-base F'S index. This
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is because, for comparability, we adopt ¢y as the reference time throughout the
quantitative part. Because both preferences and prices are fixed, the current-base
index behaves analogously to a Paasche index and the reference-base index like a

Laspeyres index.

(ii) Chained Fisher—Shell index. At any date z € (o, ¢1), the base preference order
and base prices are those prevailing at z; we compare z with 7 = z — dz and then
chain the resulting infinitesimal indices forward to obtain a chained index. This
is equivalent to the chained Fisher—Shell index suggested by Duran and Licandro
(2025).

(iii) Price-chained Fisher—Shell index. To isolate the roles of prices and preferences,
we fix the base preference ordering at either ¢; or ¢, for all comparisons, while
allowing base prices to update over time through chaining. The resulting measure
is a chained price index constructed under a fixed preference ordering. If preferences

are time-invariant, v, = v V¢, the index becomes a chained Fisher-Shell index.!?

Comparing these three indices reveals how either dimension (preferences or prices) drives

the difference between fixed-base and chained Fisher—Shell measures.

It is important to note that all Fisher—Shell indices studied in this section are welfare-
based and grounded in the Fisher—Shell principle, though they rely on different base
preference orders and prices. Although they yield different quantitative measures of real
income, all are derived from the same underlying preference representation. The fixed-
base indices apply the Fisher—Shell principle globally by evaluating welfare gains over
time using a fixed preference structure and prices —either current or historical- while
the chained index applies the principle locally, assessing instantaneous welfare gains at
each point in time and chaining them to construct a consistent intertemporal measure.
A similar idea applies to the price-chained index. As a result, they may exhibit different

properties in dynamic settings.

5For completeness, we have also produced a preference-chained Fisher-Shell index, which uses fixed
base prices. We fix them at t; or tg, while the preference order updates at each date z; the resulting

infinitesimal changes are then chained.
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3.2.1 Chained Fisher—Shell Index

In line with Duran and Licandro (2025), let us first study the particular case when, for
all z € (tg,t1), income around z is evaluated using the time-z preference order and prices.
The equivalent variation measure becomes M, , . From Proposition 4, when its growth
rate is evaluated at 7 = z, dev, , , = 0, implying that the growth rate at z is the Divisia

index, i.e.,
dlogm, . ,

dr

When normalized to zero at z = ty, the chained Fisher—Shell index becomes the chained

=gP.

T=2

Divisia index
D, = f gPdh.
to
Throughout this paper, time ¢, is said to be the reference time, i.e., the time at which

all indices are equal to zero. The chained Divisia index is then, in the framework of the

HRYV structural transformation model, a welfare-based measure.

From the perspective of the chained Fisher—Shell index, the output growth rate at any
point in time is computed using the preferences and prices prevailing at that moment.
It captures cumulative welfare gains, as perceived by the representative agent over time,
based on their evolving preferences and the changing relative prices. It is from this

perspective that the chained Divisia index is welfare-based.

3.2.2 Fixed-Base Fisher—Shell Indices

Following Baqaee and Burstein (2022), we take the current period ¢; as the base date

for both preferences and prices.

In their own words, “the asymmetry of time makes current preferences more relevant
than preferences in the past.” Consequently, we define what we call a current-base Fisher—

Shell index, for all z € (ty,t1), as

Ptl,z = log<mt1,t1,z) - lOg(mtl,tl,to)' (23)

The first subscript of P corresponds to both the base preference order and base prices.
By construction, the index is normalized at the reference time ¢y, so that P, ,, = 0, with

P:, .- measuring the cumulative growth between ¢, and z.
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The value at time ¢; then satisfies

Pt1,t1 = 10g(mt1> - log(mtl,t17t0)7

which is an equivalent variation measure of welfare gains from the initial time ¢, to the
current time t;, evaluated using current preferences and prices. For any intermediate
time z € (o, t1), the difference Py, 4, — P, . = log(my, ) —log(my, +, ») captures the welfare

gains from time z to t;.

The term my, ¢+, . can be interpreted as the level of income per capita at time z, after
correcting for changes in the price level, corrections being made from the perspective of
the current Bellman representation of preferences and current prices. As such, the ratio
My, /My, 1, Provides a money-metric measure of the welfare gains between z and ¢; when
evaluated from today’s point of view. This approach mirrors the logic of a Paasche index

in that it values past allocations using current prices, in addition to current preferences.

We also adopt the polar view and measure welfare gains from the perspective of the
initial time ¢, our reference period. To do so, we can rely on (21) to measure welfare
gains from moving from ¢, to z, for z € (¢, t;). This alternative approach is more closely
aligned with a Laspeyres index. To fix ideas, let us adopt ty as base time. In what

follows, we represent the reference-base Fisher—Shell index, for z € (¢, t1), as
ﬁto,z = log mto,to,z - lOg mto' (24)
The index is normalized to L, ;, = 0 and Ly, ¢, = log My 10,4, — log My,

Both the current-base and reference-base Fisher—Shell indices have associated instan-
taneous, welfare-based measures of growth. For any z € (tg, 1), the current-base growth

rate is

dpthz _ leg Myt .2 1 dmtl,tl,z
dz dz M. dz

while the reference-base growth rate is

dﬁto,z o dlog My to,z 1 dmto,to,z

dz dz Mgty Az

Following Durdn and Licandro (2025), we establish a fundamental link between the

Fisher—Shell indices and the Divisia index. As shown in Proposition 5, the instantaneous

dptl,z
dz

growth rate at the base time coincides with the Divisia index. Specifically,
z=t1

= g£ . It shows that the instantaneous growth rate of a base-time
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Fisher—Shell index coincides with that of the Divisia index at the corresponding base
time. Moreover, for any z € (to,t1), the chained Fisher-Shell index lies between the
current-base and reference-base Fisher—Shell indices, with the former understating and

the latter overstating growth relative to the Divisia measure.

Proposition 5. The instantaneous growth rate of the current-base and reference-base
Fisher—Shell indices, when evaluated at the base time, is equal to the corresponding Di-

visia index:

d’Ptl’z D
dz

dLy, .
4|, T (2)

z=t1 z=to

Moreover, for all z € (tg,t1), with to < t1, and conditional on s, being small enough,

dP, di,
1,2 < D< 0727

9
o < P (26)

and therefore
Liy.> D, >P ..

PROOF: See Appendix A.5.

This result implies that, while both indices match the Divisia growth rate at their
respective base times, they diverge over time: the current-base Fisher—Shell index pro-
gressively underestimates growth, whereas the reference-base index overestimates it. As
a consequence, when real income is repeatedly re-evaluated using a shifting current base,

past economic growth appears to shrink systematically with each revision.!'¢

3.2.3 Price-chained Fisher—Shell index

A fixed-base Fisher—Shell index evaluates income at any time z € (ty,¢;) using base-
year preferences and prices. A natural question is: how much of the difference between a
chained Divisia index and a fixed-base Fisher—Shell index arises from holding prices fixed
at the base year, in addition to preferences? Importantly, the principle that “current
preferences are more relevant than preferences in the past” does not imply that current

prices must be used when comparing two different points in the past.

16Notice that Appendix A.5 derives a sufficient condition on s, . Under the calibration, ﬁws —
y(ms —mg) < 0, so that condition reduces to sy, < —=— = 0.505, which holds since s, 30 = 0.240.
s—Tg

When simulating the structural transformation economy, we were unable to find any set of parameters

outside this region that did not satisfy condition (26).
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To isolate the role of preferences, let us construct price-chained Fisher—Shell indices
that adopt either current or reference preferences as a benchmark. More formally, for all

z € (to,t1), define the price-chained Fisher—Shell indices as

z

7Dtl,z = J /g\tl?,h,h dha £t0,z = f /g\£7h7h dh7

to to

where §tl?h7h is defined in Proposition 4. Any deviation from the chained Divisia index is

due to the deviation term devy, ., and the ratio m./m; , .. The deviation reads:

devt,z,z = (867289,2 - ge,t,z7z§g,t,z) 7Tg + (Se,z(l - Sg,z) - ée,t,z,z(l - é\g,t,z)) Ts,

where v, . = 1 has been used, with

In the endowment-economy version of the structural transformation model developed
in the previous section, preferences are non-homothetic but time-invariant, stable in the
sense of Baqaee and Burstein (2022). Consequently, applying the Fisher—Shell principle
is not required. In this case, the price-chained Fisher—Shell index coincides with the
chained Fisher—Shell (Divisia) index, and the current-base Fisher—Shell index collapses
to a Paasche-type index, where intertemporal comparisons are made using current prices.
The well-documented superiority of the chained Divisia index over the Paasche index

therefore applies.

3.2.4 Summary

This section establishes the theoretical foundation for welfare-based real income mea-
surement in an economy undergoing structural transformation. We derived the Bell-
man representation of preferences, which yields a static, quasi-linear structure enabling
the application of index number theory. Building on this foundation, we formalized
the Fisher—Shell principle and defined three key indices: the fixed-base (current- and
reference-) Fisher—Shell indices, the price-chained Fisher—Shell index, and the chained
Fisher—Shell index, which coincides with the chained Divisia index. Proposition 5 pro-
vides the central analytical result: while the instantaneous growth rates of the fixed-base
indices match the Divisia index at their respective base times, they systematically di-
verge from it elsewhere. The current-base index underestimates and the reference-base

index overestimates cumulative growth relative to the chained Divisia measure, with the
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latter lying between them. This result quantifies the time-dependent bias inherent in
fixed-base welfare comparisons and sets the stage for the quantitative evaluation in the

following section.

In what follows, we quantitatively examine the behavior of these indices in the con-
text of the HRV structural transformation model discussed above and evaluate their

implications for the study of structural transformation.

4 Mapping the Model to U.S. Data

In this section, we quantitatively examine the aggregation of final expenditures on con-
sumption goods, consumption of services, and investment using the structural transfor-
mation framework introduced in Section 2. We focus on measuring welfare gains based

on the alternative indices discussed in Section 3.

To align the data from the U.S. National Accounts with the structure of the model,
we follow the methodology proposed by Herrendorf et al. (2021). Specifically, we define
goods consumption as the sum of personal consumption expenditures on goods and net
exports of goods. Services consumption includes personal consumption expenditures on
services, government consumption, and net exports of services. Investment is defined as
the sum of private domestic investment and government investment. In the following,

all references to US data use these measures.!”

Our analysis proceeds in two steps. First, following Herrendorf et al. (2021), we
extend their dataset to 2023 to document the key empirical patterns of structural trans-
formation and evaluate the model’s ability to replicate them.'® Second, we calibrate
the model to U.S. data and use it to evaluate the properties of alternative real income
measures, focusing on how measurement influences the assessment of welfare gains and

the interpretation of structural transformation dynamics.

1"The treatment of net exports in Herrendorf et al. (2021) is consistent with the definition of GDP
expenditure (CGDP®) in the Penn World Table —see Feenstra et al. (2015).

18This extension uses data from the BEA National Income and Product Accounts for expenditure
aggregates, the Input—Output Accounts to decompose value added into consumption and investment,
the Industry Economic Accounts, and the BEA-BLS Integrated Industry-Level Production Accounts to
update the March 2017 release of USA KLEMS.

26



1.10 1 a 225 1
P II:
g 105 1 9
£ S 2.00f —
% 1.00¢ 1 o
g &
£-095¢ 1 27175} i
L]
o~ £~
¥ 0.90 - 1 53
£ 8150t |
> 085} 1 2
2 v
® 080 1 2 125] ]
2 g
0.75 | 1 £
070\ L L L L L 1 L L 1 1 L 1 1 L L 1'001 1 1 1 1 1 1 i 1 1 1 1 1 i L I-
TTRAAADD DA DD DN DN AN DDA DD G N G DN
OV 0V 0 A BV D BV SV S SV 5 V0" 00t A BV D OV O SV S VS
AN ION RN NN N RS RN R N IS i O v A A WA D NI AN A A AR AR AR

10— —
o 040 1
[}
o
c 09r 1 $0.35¢ 1
v <8
22 05 0.30 i
308 1 g2
c5 85
S5 23057 1
(=} o
EED.?* 1 a_.rg
28 53020 J
5 53
[§)
0.6 1 = 0.15 ]
ke
o.10} 1
0'51 1 1 1 1 1 L 1 1 i 1 1 1 L 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 L L L
AN DA AN AN AN AN DA AN A AN NN N
W ¥ 5 V0 AV A B VS S S SV B V" V0 VA BV D PV S BV S SV
NSNS I N PN PN M N TN IR I I I BRI NN PN N AN RIS S S I M

Figure 2: Consumption Expenditure and Goods Consumption Shares.

Figure 1 displays the evolution for the U.S. of the relative price of investment with
respect to the price of the consumption aggregate, left panel, and the effective investment-
specific TFP, right panel.!Y The relative price of investment exhibits a clear downward
trend beginning in 1980, falling at an average annual rate of 1.1%. This decline is
mirrored by a strong upward trend in effective investment-specific TFP, which rises at

an average annual rate of 1.2% over the same period.

Figure 2 complements this evidence by showing that the share of total consumption
expenditure in nominal GDP fluctuates around 78% throughout the sample period. At
the same time, the share of goods consumption in total nominal consumption exhibits a

sustained decline, falling from around 35% in 1947 to approximately 24.0% in 1980, and

19We compute effective investment-specific TFP following the top-down approach in Herrendorf et al.
(2021). To be precise, we apply growth accounting methods to the equilibrium aggregate production
function in equation (5) and build residually a Térngvist index for A; using data on aggregate value
added expressed in units of investment, aggregate capital and labor services, and average aggregate

factor shares.
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to 12.0% in 2023.

One challenge in mapping the model to U.S. data concerns the evolution of relative
prices. While both the model and the data exhibit a declining relative price of goods to
services, the rate of decline observed in the data is substantially steeper than what can
be accounted for by sectoral productivity differentials alone. To reconcile this empirical
discrepancy, we introduce a price wedge that affects the consumption goods sector.?’
Specifically, we assume that the price of consumption goods is distorted by the factor
e~¢*, where ¢ > 0 captures the additional rate of decline in the relative price of goods

beyond what is explained by differences in sectoral TFP growth rates.

With this modification, the equilibrium relative price of consumption goods to con-

sumption services becomes

P Ay
P57t Ag,t (& t’
and the individual sector prices, relative to the price of investment, are given by
.At -At

P,

+=——>, and Py, =
g Ag,t e<t>

Agy

Crucially, this wedge only affects the intratemporal allocation of consumption expen-
diture between goods and services, leaving the intertemporal allocation between total
consumption expenditure and investment unchanged.?! The growth rates of consump-
tion prices are now 7, = g4 —g,—¢ and m; = g4 — gs, for goods and services, respectively.
The overall consumption price index increases more rapidly than the price of investment
goods provided that the growth rate of the wedge satisfies

1
¢ < 5 (94 — 549 — (1 — 54)3s) -
g

In the calibration that follows, we restrict the parameters to guarantee that =, > m, in

equilibrium, as observed in the data.

20Measuring relative prices accurately is important for our quantitative exercises because structural
transformation models attribute changes in sectoral expenditure shares to both income and relative
price effects. If relative prices are mismeasured, the structurally estimated parameters governing these
forces would be biased, distorting the inferred contribution of income and price channels to structural

change. As a result, this would introduce measurement biases to our quantitative exercises.

21The Online Appendix explicitly incorporates this wedge into the benchmark structural transforma-
tion model of Section 2 and derives the corresponding equilibrium conditions. We model the wedge such
that it does not affect production decisions, the aggregation result, or the aggregate balanced growth
path. It only alters the relative prices faced by households and therefore the allocation of consumption

expenditure across goods and services.

28


https://jivizcaino.github.io/Chained-Indices-Unchained/Online_Appendix/LV_CIU_OnlineAppendix.pdf

Table 1: Calibrated Parameter Values

0 p 0 n gn gA s g ¢
0.333 0.04 0.08 | 0.0091 0.0046 0.0130 0.0024 0.0097 | 0.0137

Note: 6,p, are taken from HRV. TFP growth rates are computed using HRV’s sectoral TFP
measures. Population growth is taken from the U.S. Census Bureau. g¢g; is computed using the
labor services indices provided by the BEA-BLS Integrated Industry-Level Production Accounts.
We estimate ¢ by fitting an exponential trend to the ratio between prices of goods and services in

the data versus their undistorted counterparts in the model.

4.1 Measuring GDP Growth in Practice

We assume that the distorted version of the economy described in Section 2 has been
on an ABGP since 1980, and we use this restriction to discipline the measurement of
GDP growth in U.S. data. We choose this starting year because, as shown in Figure 1,
the relative price of investment and the effective investment-specific TFP exhibit clear
trends only from 1980 onward, thus satisfying the requirement that the relative price
of investment declines and that A grows at constant rates along the ABGP. We also
assume that a National Statistical Agency (NSA) observes past and current equilibrium
quantities and prices for the consumption of goods, the consumption of services, and
investment, and can use this information to measure output growth. All indices reported

in this section and the next are constructed in aggregate terms.

Calibration. Our strategy involves a combination of calibration and structural esti-
mation. Parameter values are reported in Tables 1 and 2. We take the capital share
parameter 6, the depreciation rate ¢, and the subjective discount rate p directly from
Herrendorf et al. (2021).

For sectoral TFPs, we assume that Assumption 1 holds and productivity grows at
constant rates, such that A;, = A;goe%?, for j € {g,s}, and A = Agge94". Using the
same growth accounting methodology as in Herrendorf et al. (2021), we extend their
series of sectoral TFPs to then normalize A,g50 = Ass0 = Aso = 1, and set g;, for

j € {g,s, A}, to match the normalized TFP values at t = 2023.%?

2The investment-specific TFP, A, ;, is computed residually using equation (3) to guarantee that A,
grows at a constant rate. To this end, we take the parameters that discipline the sectoral weights w and

the elasticity of substitution ¢ in the investment aggregator (1) from Herrendorf et al. (2021).
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Table 2: Preference Parameters Estimated via SMM

X n v
0.360 0.251 0.714

Note: 7, x and 7 are estimated via SMM, targeting the share of consumption expenditure on goods
in the data for the period of 1980-2023.
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Figure 3: Consumption Goods Prices and Share

To estimate (, we proceed in three steps. First, we compute the relative price of
consumption goods to consumption services in the data. Second, we construct the cor-
responding relative price implied by the model without the wedge, given by As;/A,,.
Third, we take the ratio of the data to the model-implied relative price and fit an ex-
ponential trend to this series. This procedure yields ¢ = 0.0137. Figure 3(a) shows the
fit of the model together with the relative prices implied by the productivity ratio; the

dotted line corresponds to the relative price without the wedge.

With these parameters in hand, we simulate the economy along the ABGP and es-
timate the preference parameters 7, x,y structurally, using the Simulated Method of
Moments (SMM),?* targeting the observed share of consumption expenditure on goods

from 1980 to 2023.2* Figure 3(b) shows the share of goods in total consumption expen-

23The SMM minimizes the sum of squared deviations between the model-implied and the observed
shares of consumption expenditure on goods. We estimate 7, x and - under the restrictions that n > 0

and 1 >~ > x>0.

24In the simulated model, relative prices incorporate the wedge, ensuring that the equilibrium is

consistent with the relative prices observed in the data. Importantly, the model’s structure allows prices
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Figure 4: GDP and GDP growth

diture in the data (dotted line) and the equilibrium share in the ABGP of the model

economy (solid line).

Chained Fisher—Ideal Index. Based on current and past equilibrium quantities and
prices, the NSA constructs a chained Fisher—ideal index of GDP growth. In continuous

time, this index coincides with the corresponding Divisia index.

Figure 4(a) plots the evolution of U.S. real GDP from 1980 to 2023. The dotted
line represents the data, while the solid line shows real GDP measured using a Fisher—
ideal index along the ABGP implied by the structural transformation model. The model
successfully captures the underlying trend of the data. Figure 4(b) plots a 10-year moving
average annual GDP growth rate in the data (dotted line) alongside the model-implied
GDP growth rate over the sample period (solid line). Both series show a decline over
time, consistent with the findings of Herrendorf et al. (2021). The slump in observed
GDP growth is a direct effect of the Great Recession, which also moves the growth rate

to a lower declining trend.

4.2 GDP Growth Measurement and Structural Transformation

In what follows, we examine the different Fisher—Shell indices introduced in the pre-
vious section and discuss their implications for measuring and interpreting structural

transformation.

to be determined independently of other equilibrium objects, which are then solved conditional on these

prices.
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Figure 5: Welfare-Based Real GDP Measures.

Note: Panel (a): Chained F'S (solid), 1980-base FS (dotted), and 2023-base FS (dashed). —
Panel (b): Chained FS (solid), 1980-base price-chained FS (dotted), and 2023-base price-chained
FS (dashed).

Fixed-base vs chained Fisher—Shell indices. As part of our main discussion on
welfare-based measurement of output growth, panel (a) of Figure 5 displays the evolution
of real GDP (in logs) along the ABGP of the calibrated structural transformation econ-
omy. We report three alternative measures: the chained Fisher—Shell index (solid line),
corresponding to the Divisia index D;; the 1980-base Fisher—Shell index Lgp; (dotted
line); and the 2023-base Fisher-Shell index Ps3, (dashed line).

As shown in Proposition 5, relative to the chained Fisher—Shell index, the 1980-base
F'S index Lgy overstates growth and the current-base F'S index P,3; understates it, with
the chained FS lying between the two. Over the 19802023 period, the difference between
the two polar indices amounts to 61.6 percentage points of cumulative real GDP growth.
The fundamental reason behind these differences lies in the relative weights that each
index assigns to consumption expenditure and investment when measuring the growth

rate of real income.

Let us first examine the behavior of the Fisher—Shell index with a fixed base year of
1980. As shown by the dotted line in panel (a) of Figure 5, this index exceeds the chained
Divisia index by 18.4 percentage points in 2023, thereby overstating income growth over

the period.

For the 1980-base Fisher—Shell index, the equivalent variation measure of the con-
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Figure 6: Equivalent Variation Measures for Past- and Current-base Fisher—Shell Indices.

Note: Equilibrium (solid line), 1980-base Fisher—Shell (dotted) and 2023-base Fisher—Shell (dashed).
For the 1980-base index, 5 s0,80,- declines from 0.73 in 1980 to 0.28 in 2023; for the 2023-base index,
it declines from approximately 1.14 in 1980 to 0.73 in 2023.

sumption expenditure share is given by —see Appendix D—

Sesosor = =280 for all 7 € [1980,2023],

mMg0,80,7
where €59 g0 = (VSOPS’fSO) ﬁ Since both the base preference order and the base prices are
fixed at 1980, the numerator is a constant, equal to equilibrium consumption expenditure
in 1980. The measure therefore varies with 7 through the denominator alone. As shown
in Figure 6(a), this equivalent variation measure declines with 7, which differs from the
empirical evidence that nominal expenditure shares remain roughly constant over time.
The decline occurs because equilibrium income m., and hence the equivalent variation
measure gg so.r, increases along the ABGP while the numerator stays fixed. Adopting
1980-based preferences and 1980 prices holds hypothetical consumption expenditure at
its 1980 level, so as income grows the share of consumption in the equivalent variation
measure of income falls: the marginal value of investment remains constant at vgy, and
the household is evaluated as if it kept consuming the 1980 bundle out of a growing

income.

Using past preferences reduces the willingness to consume and amplifies the incentive
to invest as the economy moves away from the base year. As a result, the reference-base
Fisher—Shell index assigns a growing weight to investment, which grows faster than
consumption expenditure in equilibrium, causing the 1980-base F'S index to rise more

quickly than the Divisia index.
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Figure 6(a) illustrates the behavior of the consumption expenditure share. In equilib-
rium, from equation (13), the consumption expenditure share remains constant at 73%,
against 78% in the data —see Figure 2. In contrast, the equivalent variation measure
using 1980 as the base exhibits a declining pattern: it starts at 73% in 1980 and de-
creases over time, reaching approximately 28% by 2023, a prediction that differs from

the empirical stability of nominal consumption expenditure shares.

Notice also that when consumption expenditure at time z is evaluated using 1980
preferences, the direction of the income effect on consumption patterns reverses. Specif-
ically, the equivalent variation measure of real consumption expenditure is given by

°80,2 = (VSOPs,z)ﬁ .
5,2

Since F; . increases with z and x —1 < 0, this measure of real consumption expenditure
declines over time. This implies a decline in the real income effect when evaluated using
1980 preferences, leading to a shift in consumption from services to goods —see equation
(7). As shown in Appendix D, this fully offsets the effect of rising service prices, which
reduces the share of goods in total consumption expenditure due to complementarity
in preferences. Figure 6(b) illustrates this pattern: the dotted line shows the 1980-base
equivalent variation measure of the goods consumption share, 5,50, = 0.240 for all z
(constant at 24.0%), which is consistently higher than the corresponding equilibrium
share measured under the Divisia index (which declines from 24.0% in 1980 to 10.2% in
2023).%

We now turn to the 2023-base Fisher—Shell index, which evaluates real income growth
using 2023 preferences and prices. As shown by the dashed line in panel (a) of Figure 5,
this index substantially understates income growth relative to the chained Divisia index,
leading to an index value that is 43.2 percentage points lower than the chained index in
2023.

This understatement arises for reasons symmetrical to those discussed for the 1980-

base index. Specifically, for the current-base Fisher—Shell index with 2023 as the base,

25Under the calibration in Table 2, t—; = 0.447. As shown in Figure 6, the share of goods in total
consumption expenditure is systematically smaller than 0.25, not only at equilibrium but also for all
equivalent variation measures in both the current-base and reference-base Fisher—Shell indices. It is

therefore easy to verify that Assumption 3 holds and preferences are well-defined.
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the equivalent variation measure of the consumption expenditure share is given by

Seosone = =22 for all T € [1980, 2023)],

mMa3 23,7

which is decreasing in 7 (increasing as we move backward in time). In this case, the

equivalent variation measure of consumption expenditure,

g23,23 = (1/2:’)]33%23)ﬁ )
is again a constant, now equal to equilibrium consumption expenditure in 2023, which
is higher than its 1980 counterpart. Meanwhile, equilibrium income m.,, and hence the
equivalent variation measure moj 23 -, decreases as we move back in time along the ABGP.
The share therefore rises as we move into the past, again through the denominator
alone. Taken together, this implies an increasing equivalent variation measure of the
consumption share as we move backward in time (from 0.73 in 2023 to approximately
1.14 in 1980), which differs from the stability of nominal expenditure shares observed in
the data. Thus, as we go back in time, the 2023-base Fisher—Shell index assigns a rising

weight to consumption, the slowest-growing component of GDP.

As a result, the 2023-base Fisher—Shell index grows more slowly than the Divisia
index and understates past economic growth and welfare gains. This behavior mirrors
the distortion described for the 1980-base index but with opposite sign, as expected from
the time-reversal symmetry implied by using current-base preferences —see Proposition 5.
Figure 6(a) confirms this pattern: the equivalent variation measure of the consumption
expenditure share is approximately 1.14 in 1980, declining over time and converging to
73% in 2023.2° Figure 6(b) further illustrates that the goods consumption share for the
2023-base index, 5,93, = 0.102 for all z (constant at 10.2%), is systematically below the
corresponding equilibrium share (which declines from 24.0% in 1980 to 10.2% in 2023).
This is explained by the reversed income effect: using future preferences to evaluate
income at earlier dates generates an upward bias in real consumption expenditure and
shifts consumption from goods towards services, reducing the measured share of goods
in total consumption expenditure. Again, this is the mirror image of the substitution

effect observed in the 1980-base case.

26Tt is important to notice that the equivalent variation measure of investment at any time z in the
past has no effect on equilibrium. It is a hypothetical calculation. As such, it is always feasible, since

by taking place at a point in time, it is infinitesimally small with respect to the stock of capital.
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Finally, as a robustness check, Panel (b) of Figure 5 shows the evolution of real
income when measured using the price-chained Fisher Shell index at current preferences
(dashed line) and 1980 preferences (dotted line). In both indices, base preferences are
set at the current or reference time, but base prices are allowed to update continuously
and then chained over time. Most of the discrepancy between the fixed-base Fisher—Shell

indices and the Divisia index arises from holding preferences fixed over time.

Current-time upgrade and GDP history revision. If a welfare-based index of in-
come growth is evaluated using current preferences, as suggested by Baqaee and Burstein
(2022), then the entire history of economic growth is subject to continuous revision as
time passes. This raises a natural question: what are the implications of such revisions
for the measurement of economic growth in economies undergoing structural transforma-
tion? We address this question in the context of the structural transformation framework
developed in this paper, where preferences, prices, and expenditure patterns evolve en-

dogenously over time.

Figure 7 reports the annual growth rate of the calibrated structural transformation
model, as measured by the current-base Fisher-Shell index, updated repeatedly as the
base year moves forward. The chained Divisia index, shown by the solid line, indicates a
declining annual growth rate of GDP between 1980 and 2023, by approximately a fifth
of a percentage point. This decline reflects the slowdown in economic growth driven by
structural change, as discussed in Section 4.1. In contrast, all fixed-base Fisher—Shell
indices display an accelerating growth pattern: they overstate growth after the base year
and understate it before. As discussed above, this discrepancy arises from evaluating
income using fixed base-year preferences and prices, which generates equivalent variation
expenditure shares that do not reflect the actual evolution of expenditure patterns. As

a result, real income growth is systematically mismeasured over time.

Moreover, as shown in Figure 7, subsequent revisions systematically lower previous
estimates of economic growth, creating the impression that earlier measures had consis-
tently overstated growth. This pattern was a key motivation for the Bureau of Economic
Analysis (BEA) to shift from fixed-base quantity indices to a chained Fisher—ideal index,

underscoring the superiority of chained indices.

Summary. Using the quantitative model, we demonstrate that the paper’s main theo-
retical result holds in a fully specified general equilibrium environment. Specifically, the

chained Fisher—Shell index yields a welfare-consistent measure of real income growth.
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Figure 7: GDP Revisions

As formally established in Section 3.2.1, this index is equivalent to the Divisia index,
which captures instantaneous welfare gains along the economy’s equilibrium path. This
result also aligns the chained Fisher—Shell index with the growth rates reported in the

U.S. National Accounts, which are constructed using a chained Fisher—ideal index.

In contrast, current-base Fisher—Shell indices underestimate past growth systemat-
ically. This underestimation becomes more severe the further back in time one looks,
as the evaluation is conducted using today’s prices and preferences. Such undervalua-
tion results from the behavior of expenditure shares implicit in the equivalent variation
measure. Moreover, current-base indices require permanent revisions: as time passes,
the base is updated, past growth is re-evaluated, and typically revised downward. This
feature underscores a key limitation of fixed-base indices and highlights the advantages

of chaining to capture welfare-relevant growth dynamics.?”

5 Non-Homothetic CES Preferences

Within the framework developed in Section 2, this section assesses whether our main re-
sults depend on the use of PIGL preferences by replacing them with the non-homothetic
CES (NHCES) preferences proposed by Comin et al. (2021). The production side, the

2TThe fixed-base problem persists even in an economy without capital, such as the purely endowment
economy in Bagaee and Burstein (2022). As shown in Appendix C, the fixed-base Fisher—Shell index
continues to exhibit the same qualitative distortions, still quantitatively important, when the utility

function is non-homothetic and income effects are time-varying.
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investment block, factor prices, and the aggregation result remain unchanged. An im-
portant feature of this specification is that the inverse of the intertemporal elasticity of
substitution, given by v, is independent of the parameters governing the income effects
across consumption categories.?® The intertemporal allocation of consumption can there-
fore be separated from the non-homothetic reallocation of expenditure between goods

and services.

Under NHCES preferences over goods and services, consumption expenditure utility

C' is implicitly defined by

o—1 o—1
b () T a—w) (Sn) T =1,

where w,. € (0,1) determines the relative weight of goods, and ¢ > 0 is the elasticity
of substitution between goods and services. The parameters n, and 1, govern how the
consumption of each category varies with C' and hence generate non-homothetic income
effects. Preferences become homothetic when 7, = 7, whereas differences between these
parameters induce a systematic reallocation of expenditure as aggregate consumption
rises. In particular, in the development process, 75 > 7, generates a gradual shift in

consumption expenditure from goods towards services.

The associated expenditure function is available in closed form:
1
E(C, Pg7 Ps) — [WCP;*UC(lfg)TIg + (1 _ wC>P81*O'C(lfo')ns] 1o :

where P, and P, denote the prices of goods and services, respectively. This expression
gives the minimum expenditure required to attain a given level of composite consumption
C' and provides the basis for constructing the corresponding welfare-based price and

quantity indices.

Calibration and model fit. Table 3 summarizes the calibration of the model with
NHCES preference parameters. The parameter 1 governing the intertemporal elasticity
of substitution is set to 1.5, following Buera et al. (2011), while the elasticity of substi-
tution between goods and services, o, is fixed at 0.2. Since ¢ and 7, jointly determine
the evolution of sectoral expenditure shares, they cannot be separately identified from
these shares alone. We therefore calibrate o externally and estimate 7, conditional on

the chosen value.

28In contrast, under PIGL preferences, the inverse of the intertemporal elasticity of substitution is

given by 1 — x (see equation (10)).
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Table 3: Calibration of NHCES preference parameters

Parameter Value Target or source

Y 1.500 Calibrated following Buera et al. (2011)

o 0.200 Externally calibrated

We 0.248 Goods expenditure share in 1980

Mg 1.000 Normalization

s 1.855 Evolution of consumption expenditure shares
024+ —5,,— Model [

Share of Goods in Consumption
Expenditure

Figure 8: NHCES model: goods consumption expenditure share

The distribution parameter w, is set to 0.248 to match the goods expenditure share
in the initial year, 1980. Since only the relative values of the income-effect parameters
matter for expenditure reallocation, we normalize 7, to unity. We then estimate 7, =
1.855 by fitting the observed evolution of consumption expenditure shares. The resulting
condition 7, > n, implies that services have a higher income elasticity than goods and
therefore generates a gradual reallocation of consumption expenditure towards services

as income rises.

Figure 8 compares the goods expenditure share generated by the model with its
empirical counterpart. As under PIGL preferences, the model closely reproduces the
observed decline in the goods expenditure share. Thus, replacing PIGL preferences with
NHCES preferences leaves the model’s ability to account for the process of structural

transformation essentially unchanged.
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Figure 9: NHCES model: real GDP and real GDP growth

Figure 9 reports the corresponding fit for the level and growth rate of real GDP. The
NHCES specification reproduces both series closely and performs as well as the baseline
model with PIGL preferences. The ability of the model to account simultaneously for
structural transformation and aggregate growth is therefore robust to the alternative

specification of non-homothetic preferences.

Welfare-based GDP measures. The main results are robust to replacing PIGL
preferences with NHCES preferences. As shown in panel (a) of Figure 10, the same
qualitative pattern emerges: the reference-base Fisher—Shell index lies above the Divisia
index, whereas the current-base Fisher—Shell index lies below it. The Divisia index

therefore lies between the two fixed-base welfare measures.

Panel (b) of Figure 10 reports the corresponding revisions to measured growth. For
any given current base, the growth rates implied by the fixed-base indices increase over
time, whereas those implied by the Divisia index decrease. Moreover, each change of base
revises the fixed-base growth rates downwards relative to those previously measured.
This confirms that the discrepancy between fixed-base and chained welfare measures is
not a particular implication of PIGL preferences. Quantitatively, the deviations from the
Divisia index under NHCES preferences are similar to those obtained under the baseline

specification.

The source of these discrepancies can be understood from Figure 11. Under non-
homothetic preferences, expenditure shares depend not only on relative prices but also
on the level of welfare at which expenditure is evaluated. Equivalent-variation com-

parisons based on different reference welfare levels therefore generate different expendi-
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Figure 11: NHCES model: equivalent-variation measures of expenditure shares

ture and consumption shares. Panel (a) reports the resulting consumption expenditure
shares, while panel (b) shows the corresponding goods consumption shares. The differ-
ences across reference points are the mechanism underlying the divergence between the
reference-base and current-base Fisher—Shell indices. By updating the reference point
in every period, the Divisia index captures these changes locally and consequently lies

between the two fixed-base measures.

6 Conclusions

This paper has examined the role of real income measurement in the context of structural
transformation, focusing on the welfare properties of chained indices. Within a gen-

eral equilibrium model that captures key features of the U.S. structural transformation
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since 1980, we compared two welfare-based approaches, the current-base Fisher—Shell
equivalent variation measure inspired by Baqaee and Burstein (2022) and the chained
Fisher—Shell index proposed by Durén and Licandro (2025).

Our main result is that the chained Fisher—Shell index, which updates both prefer-
ences and prices continuously, aligns with the Divisia index and provides a time-invariant,
welfare-consistent measure of real GDP growth. By contrast, current-base indices distort
the measurement of past growth, understating welfare gains. These distortions are par-
ticularly severe when income and substitution effects are large and relative prices evolve
substantially over time, as is the case in models of structural change. These qualitative
and quantitative results are robust to replacing the baseline PIGL preferences with the
non-homothetic CES specification of Comin et al. (2021), confirming that they do not

depend on the particular representation of non-homotheticity.

From a policy and statistical perspective, our findings reinforce the theoretical foun-
dation for the use of chained indices in national accounts. While the move to chained
indices was initially motivated by empirical considerations —such as reducing revisions in
measured growth— their adoption also finds justification in the economic theory of index

numbers when applied to dynamic, non-homothetic settings.

More broadly, this paper reaffirms the deep link between structural transformation
and measurement. Accurately capturing welfare-relevant growth in the face of evolving
consumption patterns requires moving beyond fixed-base approaches. Chained Fisher—
Shell and Divisia indices offer flexible, theoretically grounded tools for this purpose,

allowing for more accurate assessments of economic progress in transforming economies.
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Appendices

A Proof of Propositions

A.1 Proof of Proposition 1

Proposition 1. Under Assumptions 1 to 4, along the ABGP of the structural transfor-
mation economy, the growth rate of real GDP, as measured by the Divisia index, declines

over time.

PRrROOF: The Divisia quantity index along the ABGP of the HRV structural transforma-
tion economy is

97 = s (Sg,t Gey + (1= Sg,t)gcs,t) + (1= 8¢)gz -
The corresponding Divisia price index is

P = s, (sgﬂg g+ (1 — sg7t)7rs) )

Since the investment good is the numeraire, 7, = 0. It is easy to show that g° = g — 77,
where g, is the growth rate of nominal income, as measured in units of the investment
good. Since s, declines along the ABGP and 7y > 7,, consumption inflation increases,
converging to service inflation asymptotically. It follows that; the growth rate of real
GDP declines over time along the ABGP. O

Quantitative Evaluation. Under our estimated and calibrated parameter values, the

difference in growth rates between 1980 and 2023 is

gQ% — géjg = Ws% — 7r2% = S, (39780 — Sg723) (7Tg — 7r8) < 0.

Under our calibration, s, ~ 0.73, 5423 >~ 0.10, 5480 ~ 0.24, and 7, — 7, ~ 0.02, the model
implies that the annual growth rate of real GDP in 2023 is 0.21 percentage points lower
than in 1980.

A.2 Proof of Proposition 2

Proposition 2. Under Assumptions 1—4, the indirect utility and expenditure functions

associated with the Bellman representation of preferences in equation (14) are, respec-
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tively, given by

uw(m, Py, Py;v) =V ((I/Psx)ﬁ . Py, PS> +v (m — (l/PsX)ﬁ> , (16)
and )
. w V(0P)¥T.R,P)
Flw. By Piv) = BT+ Y : , (17)

where w is an arbitrary level of utility as in (14).

PrROOF: In what follows we omit the index t to simplify notation. The household’s
primal problem of maximizing (14), subject to the budget constraint (15), can be solved
in two stages. In the first stage, by the definition of the indirect utility function, the
household solves

Ve, P, Ps) = {cg,cs}:;’??gﬁPScS:eU(cg,CS).
In the second stage, the household chooses x to solve

max V(m —x, P, P;) + vz.

The first-order condition is

ov
E(e, Pg,Ps) = V.
Using the PIGL preferences in (6), %—‘e/ = eX"1P7X we obtain

XIPX=p = e= (VPSX)ﬁ )
It follows that
xzm—ezm—(l/PSX)ﬁ.
Substituting back into (6), the indirect utility function is
u(m, Py, Py;v) =V ((uP})ﬁ ,Pg,Ps) +v (m — (VPSX)ﬁ> )
The expenditure function is derived from the dual problem

mine+z st. V(e P, Ps) + v =w,

e,x

where w is an arbitrary level of utility. The F.O.C.s with respect to e and x are

%
l=p—=peX 'P7X and 1= puv,
de
where p is the Lagrange multiplier associated with the constraint. Equating multipliers
yields

XIPX=p = e= (VPSX)ﬁ )
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The same condition as in the primal problem. Solving for x

w—V (WP, P, P)

xr =
14

Thus, the expenditure function is

. w-V(wP)1,P,P,)
f(w, Py, Pg;v) = (VPX)x—T + ,

v

which completes the proof. [

A.3 Proof of Proposition 3.

Proposition 3. Under the conditions of Proposition 2:

AN A~
Mt zr = My + Bt,z,T €2,

B, .= (l —1- é\gi) (&)M — (l N gg,m) 7
X Y PS,T X y

and, for x € {z, 71},

~ —X v
~ €t ) (Pg x) ~ L
Sgtax =1 : : and €, = (I/PX )Xfl.
g7t7x t7x t S,T
(Ps,x ps,x

where

PROOF:
Step 1. From (21),
iozir = S (e, Pors Purith), Py P (21)

where m; ., captures the income needed in period 7 to attain the utility level of period

7 under the preferences of period ¢ and the prices of period z.

From Proposition 2,
u(m, Py, Py;v) =V ((l/PsX)ﬁ . Py, Ps) +v (m — (I/P})ﬁ> : (16)

and

LWV (@Pg)ﬁ ,Pg,PS>
f(w, P;, Ps;v) = (vPX)xT + — — .

14 14

(17)
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Moreover, from Assumption 2,
1 X PN\7 1
viernr) =< (5) -2() -1 +2 ©)
X \Ps 7\ Ps X 7

where n > 0 and 1 >~ > x > 0.
Substituting (16) into (17), and the resulting expression into (21), we get

mt,zn’ = f(v(é\t,ﬂ Pg,7'7 Ps,‘r) + Vt(m‘r - é\tn')a Pg,za Ps,z; Vt)

~ 1 ~ ~ 1. ..
= €2 =+ _<V(€t,'r7 Pgﬂ'? PS,T) =+ Vt(m’r - et,T)) - _V(et,za
Vi Vi

Pg,z; Ps,z)a

_1
where €, = (1 PX,)*" for z € {z,7}.

Rearranging terms, we get
V(é\t,ﬂ Pg,7'7 PS,T) - Vté\t,’r> _ (V(é\t,z; Pg,z;

- Ps z) € z
Mtz r = My + < : ) ae ) : (22)
Vy

Ut

Step 2. Now evaluate the numerator of both terms in brackets. Using (6), for an

arbitrary z € {2, 7},

R R 1 /e.)\" P\ 1 .
V<et,Z7Pg,(E?Ps,:B) - Vtet,:v = ( L ) - Q (i> - — + Q - Vtet,a:-
X \ Psz v \ Pz X
From the definition é;, = (ytngz)ﬁ, we compute:
é\t,x _1_ /e\t,:): X X ~
= (VtPs,x) -1 P_ = (VtPs,x) -1 = Vi€ g
Thus
() e (§-1) e
— — V€t = | — — Vi€t -
X \ Fsaz X
Hence:
~ ~ 1 N P\ 1
V(et,xa Pg,xa Psw) - Vtet7x = (_ - 1) Vtet,x - Q (i) ——+ Q
X v \ P X 7
Dividing by v4:
v(é\t,xa Pg,wa Ps,z) - Vté\t,z _ (l o 1) é\t o i (Pg,m)A/ o L i
Vi X T \ Psg XVt VW

= 2, the constant terms ——= 4+ L cancel.
xve oy

Substituting into (22) for x = 7 and =

. 1 . . P, \" P\’
My zr = Mr + (; — 1) <€t,‘r - €t,z) - %( (i) — (i) ) (22’)

Therefore:



1
Step 3. From (18), the equivalent variation measure e; , = (l/tPS’fx) -1 implying

1 é\t,z X ~
— == =¢é..
4 Ps,x b
Use now Roy’s identity (7) for the equivalent variation measure S,,,, « € {2, 7},

~ é\t,x X Pg,m ! n Pg,x K 1 ~ ~
Sgtxr — p— = — |\ = = — SgtxCtax-
b 77 Ps,m PS,x ’)’Vt ps,x 'Y b "

X
x—1 .
) , we obtain

PS,T
Ps,z

Substituting it into (22’) and using €;, = €, (

Mmy.r = Mz + Bt,z,T €t,z,

N X R
Bt,z,T = <l —1- S'(Li) (&> o — (l —1— Sg,t,z) ,
X v PS,T X ¥

which completes the proof. [

where

A.4 Proof of Proposition 4.

Proposition 4. Under the conditions of Proposition 2

dlogmy ., m ~
dr o= mt:T . (gTD + devtver) = gtlv)zv""
where
D
9 = Ser (Sg,Tgcg,T + (1 - Sg,’r)gcs,r) + (1 - Se,T)gzﬂ')
and

with .
v X /e\t,z . Ps,z I=x
Setrr = and v, ;= .
ms PS,T
PROOF:

Step 1. From Proposition 3,
my.r = Mz + Bt,z,T €t,z,

where



Differentiating B; . . with respect to T,

dBt,z,T o Uz,Tng,t,T + (1 1 Sg,t,ﬂ-) dUZ,T

x 4 ) ar’

dr v odr

X

P. 1-x ..
where v, , = (P—Z) . From the definition of v, . above,
8,7
de X TV
. - sUz1-:
dr 1—x

From the definition of 5,,, and & ,, we get

~ —X Y
~ €t,r PgT % -7
— ) ) — -X 1—=x
59715,T_77<P ) (P =nv; ~ Psr P;T
8,7 8,7

Differentiating with respect to 7,

dg,t,T ~ X
# = Sgﬂg,»r l(ﬂ —’}/> Tg +’Y7Tg:| .

Plugging both derivatives into d%%, we get

dBtZT /S\gt’r l( X ) :| (1 §9t7> X
— = - || ) st ymy |+ | —— 1" ) ——7 |,
dr (7 1-Xx T \x v /) 1-x

which collapses to

dBtZT ~ ~
—= =~V Sgtr gt (1 —sg”)ﬂs .
dT ) Yy sby

Step 2. The derivative of log m, . , with respect to 7 is

leg mt,Z,T _ mT + dBt,z,T . é\t,z
dr mt,Z,T dr mt,z,T ‘
Since ‘
ms
— = Se;rGe,r + (1 - Se,‘r)gaz,ﬂ
mer
and
Ge,r = SQ7T(gCg:T +7g) + (1= 8g.7)(Geurr + 7s),
Then,
dlog My . » my D ~D
- = — : + dev = :
dr M2z (g’T t7277') gt,z,T
where
D
gT = 8677— (Sg’TgCgﬂ' + (1 - Sg’T)gcsﬂ—) + (1 - 867T)g$)7-7
and

with

which completes the proof. []
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A.5 Proof of Proposition 5

Proposition 5. The instantaneous growth rates of the current-base and reference-base
Fisher-Shell indices, when evaluated at the base time, are equal to the corresponding
Divisia index:

dpthz D d£t07z D

? = gtl and ? = gto' (25)

z=t1 z=tg

Moreover, for all z € (ty,t1), to < t1, conditional on s, being small enough,

dP; dz,
1,2 < D< 0727

2
o <9 P (26)

and therefore
'Cto,z > Dz > Ptl,z-

PROOF:

Part I. Let us first prove (25). From the definition of the current-base and reference-base

Fisher—Shell indices in (23) and (24), respectively,
Piy . =logmuy, 4, » — logmy, 1,0,  and Ly, = log My, 1, — log my,.

Then, the growth rate of the current-base and reference-base Fisher—Shell indices at

current and reference times, respectively, are

dptl,z 1 dmtlvtlvz d‘cto,z 1 dmto,to,z
rE = = T and & = — T
2=ty Mitz Z ey Z iy Mooz C2
From Proposition 4,
d 10g Myt~ D
dZ - gt
z=t

since

ﬁlt,tyt = MMy and dth’tt = 0.

The previous result is true, because vy = 1, Set 44 = Ser and 5,44 = Sg4. We have then

shown that

D

— =g, and

dz

dLy, -
dz

_ D
= gto'
z=to

z=t1
Part II. Let us now prove (26). From the definition of Py, . and Ly, .,

dPt1,Z _ d 10g mtl,thz and dﬁto,z _ d log mtmto,z
dz dz dz dz ’
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while from Proposition 4

dlog M+ . _om, D4
d == '(gz + th,t,z),
z Myt
where
devt,t,z = <Se,zsg,z - Ut,z Se,t,t,z Sg,t,z) (7Tg - 7Ts) + (Se,z - Ut,z Se,t,t,z >7TS7

with

€

Se,z = )
m,

e, \ X P, . K
o2 =\ p P.)
X
Ps X
Vi = <sz> )
€t

Set,t,z = )
m,

=~ —X v
/S\ - n (et’z ) (Pg’z)
g,t,Z - )
Ps,z Ps,z
X

~ Py \ x—1
€tz :et(sz> '

All of them depend exclusively on equilibrium objects.

Step 1: Let’s study the factor m’?fz We show below that

. . T X - — t— m, mg
if Sgto < Min e(lfxﬂs (s =) ) (t=2) = — >1> —
ze(to,t1) Ts — Ty Mo to,2 My 1,2

From Proposition 3

Mit = My + By ey,

Bt,t,z:(l_l_%ﬂ> (ﬁ)w_(z_l_@)
X Y Ps,z X Y
CE) ) e 0-))
X Ps,z Y Pgﬂg/P&t

The last equality is true since

~ P57t T-x P 7Z/P57Z !
Sgt — Sgit,z (P&Z) = Sgit (1 N (%) ) '

where




At equilibrium

Psz _ errg(z—to) and Ps,z _ eﬂ's(z—to)7

with 73 > 0, 7y > 7, and 1 > v > x > 0. Then,

Bit. = <l - 1) (eﬁ”s(t_z) — 1) + @(1 — e'y(frsﬂrg)(zf—z))7
" X ,y

with Bt1,t17t1 = Bto,to,to =0.

Differentiate it with respect to z:

dB X (—
% = —merxm(t2) 4 §g. (s — 1y (T (E=2)
Since m, > 0, my > 7, and sy, € (0,1), the first term is negative and the second is
positive.
F dBio,toﬂ . .
or all z € (tg,t1), —2** < 0 if and only if

. T X o _ _
Sgty < mMin s (Exmrm—mg))(to=2)

2€(to,t1) Mg — T ’ (Sg,to)

g

Under this condition, for all z € (¢g,%1), Byt < 0.

s

. Otherwise
Ts—Tg

Notice that if {2 7, — (m, — 7y) < 0, the condition becomes g, <

X
5,40 < = (T (to—h) o _m
g,to Ts—Tg Ts—Tg

The consumption share of good ¢ at time ¢, where e, = e;,e%*~%) is

-X Y
€t P, t _
Pot = (Ps,t) (Pz,t) = Sg.to eE(t tO)?

with sg4 = ne,,~ and E = —x(g. — ) — y(ns — my). Given g > 7y, ms > 7, and

1>y>x>0,E<0,so sy, is strictly decreasing over time.

dBtl,tl,z

For all z € (tg, 1), &z

< 0 if and only if

T X — —
Sg4 < min 2 e(l—x“ (s =mg)) (t1 =)

z€(to,t1) T — My ’ (Sg,tl)

Under this condition, for all z € (to,t1), Bt t.. > 0. Notice that this condition can be

written as
Sg.to eE(t1—t0) < e(ﬁﬂs—v(ws—ﬂg))(tl—to) min Ts 6(%7@—7(7@—@))(7&0—@7
z€(to,t1) Tg — ’ﬂ'g
with e, determined in (12). Since E < ﬁﬁs — 7y(ms — my), condition (sg¢,) implies
(897t1>'
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Step 2: Sign of dev;, .. Let’s study the sign of
devy, . = <3e,z39,z — Utz Setts gg,t,z) (7Tg - 7Ts) + (Se,z — Utz Setts >7Ts-
With this in mind, we study first the sign of both parenthesis at the right-hand-side.
(A) Let us show that the first term in the equation above
Se,z8g,z — Utz Sett §g,t,z > 0 = Vg > Vg,

and negative iff 1, < v,. Let’s prove it by steps.

Write explicitly each term at the left-hand-side of the inequality above:

—X Y
€,2<g,% - D
my Ps,z Ps,z
Tox = -X ol
vy, § 5., = (Psvt)l LA 77<6th> (Pg,z>
t,z 2ett,z Og,t,z — : : .
Ps,z my Ps,z Ps,z

X
. ~ Ps ¢ |\ x—1
Since, €;, = e; ( : ) ,

Ps,z
—-X Y
t,z 2ett,z Og,t,z — : .
m; Ps,t Ps,z

P,.\"
Take the common factor e (L) :
mZ PS z

)

and

n (P 7 1
9 ~ _ 9,7 1—x PX —X pPX
Se,zSg,z = Utz Sejt itz Sgt,z = (ez Xps,z — & Ps,t) :

me Ps,z
From (18),
— PX %1 x;}lpﬁ |
er = (v s,t)X g Etly st — Vo
Hence, using the fact that
. 1 B 1
e; XPX, = — and el XpX = —,
b I/t b VZ

we obtain

v ~ n Pg,z K 1 1
Se,zSg,z — Utz Sejtt,z Sgit,z = P I
m, 8,2 v, Vi

Since n > 0, m, >0, P,, > 0 and P, > 0, the sign is determined by Vi — Vlt Therefore

~ 1 1
Se,258g,z 7 Utz Se,t,t,z Sg,t,z >0 &= —>— = Vg > Vg,
v, Vi
and it is negative if and only if v, < v,.
Since at equilibrium 7, > m,, then
9 ~ 1 1
Se,zSg,z — Utz Se,tt,z Sg,t.z (ﬂ-g - 7Ts) <0 = l/_ > ; = UV > Vg,
z t

and it is positive if and only if v, < v,.
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(B) Let us now show that
Se,z — Utz §e,t,t,z > 0 A Vg > Vg,

and negative if v, < v,.

Since: N
€z Ps,t T=x v €¢
Se,z = ) UVt = P and Setit,z = .
mg S,z m;
Thus: N
v €z Ps,t =~ e
Se,z — Utz Septt,z = - P : .
m, 8,2 m;
_X_
x—1
8,2
Take common factor
m;

S

I = =
:—(GZPS,ZX—GtPtX).

Since from (18)

Thus:

Consequently:

Se,z — Utz Settz = 0 = Vg > V.

From the inequalities above, since 7y > 0 and 7, > 7, at equilibrium, for all z € (¢, ),

dthO,tO’z > (0 and dthl,tl,z < 0.

Step 3. From the analysis above, for the reference-base ty, for all z € (g, t1), mre— > 1
0:t0,%

. . ac dlog . .
and devy, 4,,- > 0 implying that —2* = g’g:o’to’z > g and L, , > D,. Using a similar
dPy, - dlogm 2
argument, — b= = S80S < gD and Py L < D,. O
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B Boppart’s 2014 Lemma 1

Lemma 1 in Boppart (2014) provides sufficient conditions for the indirect utility function

V (e, P, P;) to be well-defined. In particular, for all t € (to,¢;), it requires

1—x _
el = T~ - PPY.

Under the calibration presented in Section 4, this condition holds along the equilib-
rium path of the structural transformation economy. Using (7), the inequality above is

equivalent to

L

1—x

Given the calibrated values of v = 0.714 and x = 0.360, this bound implies that s, <

0.447. In our simulated economy, this holds for all £ > 1980 along the ABGP, as shown

Sgt S

in Figure 6.

Moreover, for the preference order behind a current-base Fisher—Shell index P, .,

z € (to,t1), to be well-defined,

A 11— ) R 1—
G ﬁ n Pl PYX;7 orequivalently 5y, . < T Z(
and
1- 1—
ey = - X n P, PY.. orequivalently s, < ﬁ

The first condition corresponds to the application of Boppart’s Lemma 1 to the indirect
utility w(ey, », Py.z, Ps»; 14, ) and the second to expenditure function f(w, Py, Psyy; Ve, )-
The second condition holds, since Boppart’s Lemma 1 holds at any point in the equilib-

rium path. Since v, is decreasing along the equilibrium path,

~ Vy X1 11— X —
eh= | — e, > e, > —nPJZPSXZV,
v, 1 ,-y ’ )

for all z € (to,?1) at the ABGP equilibrium of the structural transformation economy.
This can be observed in the behavior of s,4, , in Figure 6, which is always below the

critical value 0.447.

For the preference order behind a reference-base Fisher—Shell index Ly, ., z € (to,t1),

to be well-defined,

~ I—x _ : ~
en L = T nP),PX;7  orequivalently 8y, < T\
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and

1— B L
ey = 1~ : n P, PY.7. orequivalently 54, < ﬁ

Figure 6 shows that S, . is also always below the critical value of 0.447, guaranteeing

that both conditions are satisfied.

Hence, the regularity condition of Lemma 1 in Boppart (2014) holds along the equi-
librium path. As a result, the baseline indirect utility function, as well as the preference

orderings underlying the current-base and reference-base indices, are well-defined.

C Indices for Real Consumption Expenditure

This appendix applies the welfare measures discussed in this paper to an economy with-
out capital, such as the purely endowment economy in Baqaee and Burstein (2022). As
shown below, the fixed-base Fisher—Shell index continues to exhibit the same qualitative
distortions —still quantitatively important— in an economy where the utility function is

non-homothetic and income effects are time-varying.

The indirect utility function associated with the instantaneous utility function U (cg 4, cs¢)

1 er \* Ui _P A
Py Poy) = — -2 g) )
ViewPo P = 1 ((5) =1)+ 2 (1- (7) ©)

The associated expenditure function is

1
1 7 PN\
E(’Ut, Pg,t7 Ps,t) = XX <'Ut -+ ; - ; <1 - (i) )) Ps,t7 (27)

where v; captures consumption utility level.

18

Let us compare welfare at time z with welfare at time ¢t by means of the equivalent

variation measure
gt,z = E(V(ez’ Pg,z’ Ps,z)) gty Ps,t) . (28)

The representation of the instantaneous utility of consumption is time invariant. Notice
that €, does not depend on the marginal value of capital v, as is the case for €, in

(22).

Substituting (6) and (27) into (28), we get

1

e X 77X Pgt Y Pg i X
~ ; — z A — 9t _ _7Z PS .
“ ((Ps,z) " Y <(Ps,t> <P572> )) !
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Chained Fisher—Shell Index. In line with Durdn and Licandro (2025), it is easy to

show that a chained Divisia index is welfare based. Differentiate (28) with respect to 7

ng,T . dE(V;u Pg,zu Ps,z) dv (67'7 Pg,’ra Ps,’r)
ar av. 8 ar ’

with

dE(V;, Pysy Pay) 1y 1 I ARNAN e\ X
2 ) = VX ‘/T —— = (1= —9E PSZZNZT =
ae * ( XA < (Ps,z> )) T (Ps,z>

and ( ) y .,
dv €T7Pg,T7PS,T eT PgT
= — M) — e Mg — Ts),
dr P.. (ge s) =M P, (7g s)
where g, = i—:, Ty = gj’: and 7y = iz:. All three growth rates are time invariant in

equilibrium. From (7)

P, ; 7 er \*
=S5 =5 | -
"\P.) ~\PR,

dv er, P, T PS,T er X
( di ) = <P ) (ge — Sgrmy — (1 — SQJ)WS).

From the definition of total consumption expenditure

Then,

e = Sg,r (gcg + 7Tg) +(1- 5977) (gcs,T + 7rs)-

Consequently, the growth rate at time 7 when evaluated at time-z prices is

de.. 1 e;Ps. \*
AT = (sg’Tgcg + (1 — Sg,T)chJ) ( : ) .

dr €zr ez,TPs,T

When, for all z € (ty,t;), income around z is evaluated using time-z prices, the

equivalent variation measure at 7 = z is the Divisia index, i.e.,

When normalized to zero at z = ty, the chained Fisher—Shell index becomes the chained
Divisia index

D.. = f gP, dh.
to '

From the perspective of the chained Fisher—Shell index, the real growth rate of con-
sumption expenditure at any point in time is computed using the prices prevailing at that
moment. It captures cumulative welfare gains, as perceived by the representative agent

over time. It is from this perspective that the chained Divisia index is welfare-based.
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(a) Real Consumption Expenditure (b) Revisions to growth rates

Figure 12: Real Consumption Expenditure Indices and Revisions to Growth Rates.

Note: Panel (a): Divisia (solid line), 1980-base Fisher—Shell (dotted) and 2023-base Fisher—Shell
(dashed). Panel (b): Growth rates of fixed-base FS indices with bases 1980, 1990, 2000, 2010 and
2023.

Fixed-Base Fisher—Shell Indices. The current-base Fisher—Shell index is

Pe,tl,z = log(gtl,z) - log(gtl,to)'

In turn, the reference-base Fisher—Shell index is given by

Ce,to,z = log(gto,z) - log<gt(),to)'

Following the derivations above, the growth rate at z of a fixed-base Fisher—Shell
index for consumption expenditure in this context, with time-t base preferences and

prices is

~

et,z Ps,z

dloggt,z D (62 Ps,t>X

Jet,z = dz — Ye,z

Quantitative results. Under the same calibration as in the main text, the resulting
consumption expenditure indices are presented in Figure 12 below. As can be observed,
the current-base FS index underestimates economic growth relative to the Divisia index,
while the reference-base FS index overestimates it. As a result, the required permanent
revision of the current-base FS index exhibits a declining growth pattern and successive

downward revisions of past growth.
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D Properties of the Equivalent Variation Measure

Starting from the equivalent variation measure defined in equation (21),
mt,Z,T = f(u(mT, Pg,‘m Ps,‘r; Vt)a Pg,za Ps,z; Vt) )

we now examine its structure and implications. This equivalent variation results from

solving two consecutive problems.

First stage. At the first stage, the representative household uses time-t preferences to
evaluate the utility attainable at time-7 with income m, and prices P, ; and P; .. To do

so, the household solves the following hypothetical problem:

max U(Cyirs Copr) + ViTir

Egych
subject to

mr = Pg,T Eg,t,T + Ps,T 5S,t,7' + '%t,ﬂ-'
Using the indirect utility function (6), this problem reduces to:

HEEEX V(etﬂ'y Pg,’m Ps,T) + Ut xt,T

e€,T
subject to

My = €41 + Ty

where €, , = Py Cytr + Psr Cortr-

The first-order condition with respect to €, , yields, after some algebra,
- 1
etﬂ— = (thgf7_> x—1

Since the price of services grows with 7, the hypothetical consumption expenditure €; ,
is decreasing in 7. It is important to note, however, that e, is increasing over time,
because v, declines at a faster rate than the price of services increases. The hypothetical

consumption expenditure share is

~ . Ct,r
Set,r = .
-

It is decreasing with 7 since €;, is decreasing and m, increasing.

Applying Roy’s identity to V(€ ., P, Ps ), the hypothetical share of goods on total

consumption expenditure is

~ ~ —x ~
3  Porcorr 0 ( Cir > (Pg,T)
g7t7T T ~ - °
Ctr PS,T PSvT
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The hypothetical share of goods in total consumption may be growing or declining. Since
P, ;/Ps ; is declining in 7 and v > 0, the relative price effect unambiguously reduces S .
The income effect works in the opposite direction: & ,/P;, is declining in 7 and, with
X > 0, this raises (&;,/Ps,) ", increasing the share of goods. This is the reverse of the
standard case where both preferences and prices vary over time, in which rising income

drives expenditure toward services.

Second stage. At the second stage, m, ., is determined by equation (21). By con-
struction, when using time-t preferences, as represented by 14, there exists a vector
(Cgot,27 Cst,z7s Ttz r) that solves the maximization problem:

max U(Cotz,r, Cotyorr) + Uitz

Cg,Cs,T
subject to

mt,z,’r = Pg,z Cg,t,z,r + Ps,z Cs,t,z,’r + xt,Z,T'

Using the indirect utility function (6), this problem reduces to:

H}@X V(et,z,77 Pg,z’ Ps,z) + Vi xt,z,T

e,r
subject to

My 27 = Ctzr + Tt 215

where €tz = Pg,z Cot,z,m + Ps,z Cs,t,z,7+
The first-order condition with respect to e; , . yields, after some algebra,

1
= — X -1 .
et,sz = (l/tp&z) X = €t 4.

)

Notice that €;, and e; , are formally identical.

Since the Bellman representation is quasilinear in Z, optimal consumption expenditure
¢ does not depend on m and thus becomes independent of time 7. In other words,
the household optimally chooses a constant hypothetical consumption expenditure é; ,,
for all 7 throughout the evaluated period, which depends only on the base preference

parameter v, and base prices P ..

The equivalent variation measure of the consumption expenditure share is

~ _ 6t,z
Se,t,z,’r - =X .
mt,z,'r
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As long as hypothetical income grows with 7, the hypothetical consumption expenditure

share is decreasing.

Applying Roy’s identity to V(€ ., P, ., Ps .), which is independent of 7, gives the equiv-

alent variation measure of the goods consumption share:

=~ = -X vy
’S\ . ngz Cg7t7Z _ 77 ( et7z ) (ngz)
g,t,z ~ - )
et,z Ps,z Ps,z

the same for all 7 throughout the evaluated period. Thus, the equivalent variation

measure of the share of goods in total consumption is constant for all 7. Note also that

Sgt.. and S, are formally identical.

The constancy of s, , follows from two mutually reinforcing forces. First, the income
effect is muted: quasilinearity pins down optimal consumption expenditure €, . indepen-
dently of 7, so there is no income variation to shift the goods share. Second, the relative
price effect is also muted: since prices are fixed at z, the term (P, ./Ps.)" is constant

throughout the evaluated period. With both channels shut down, 5, , is invariant to 7.

Current-base Fisher—Shell index. For a fixed-base Fisher—Shell index, with base t,
for all 7 € (to,t1),

-X Y
5, =% and 3 n c Lo s
€7t7t77— - oA g7t7t = = g7t'
Myt r Ps,t Ps,t

Then, for the current-base F'S index the equivalent variation measure of the share of goods

consumption is constant, equal to the share in current period s,;,. The consumption
expenditure share is declining, since e is constant but my, 4 » is increasing with 7,

converging from above to s.;, as time converges to t;.

Replication Files and Online Appendix

Supplementary replication materials and the Online Appendix can be found in the pa-

per’s GitHub Repository at: https://github.com/jivizcaino/Chained-Indices-Unchained.

60


https://github.com/jivizcaino/Chained-Indices-Unchained

References

Acemoglu, D. and Guerrieri, V. (2008). Capital deepening and nonbalanced economic
growth. Journal of Political Economy, 116(3):467-498.

Alder, S., Boppart, T., and Miiller, A. (2022). A theory of structural change that can

fit the data. American Economic Journal: Macroeconomics, 14(2):160—-206.

Alvarez-Cuadrado, F., Long, N. V., and Poschke, M. (2017). Capital-labor substitution,
structural change, and growth. Theoretical Economics, 12(3):1229-1266.

Atkin, D., Faber, B., Fally, T., and Gonzalez-Navarro, M. (2023). Measuring welfare and
inequality with incomplete price information. The Quarterly Journal of Economics,

139(1):419-475.

Baqaee, D. R. and Burstein, A. (2022). Welfare and output with income effects and
taste shocks. The Quarterly Journal of Economics, 138(2):769-834.

Baqaee, D. R., Burstein, A. T., and Koike-Mori, Y. (2023). Measuring welfare by match-
ing households across time. The Quarterly Journal of Economics, 139(1):533-573.

Boppart, T. (2014). Structural change and the Kaldor facts in a growth model with

relative price effects and non-Gorman preferences. Econometrica, 82(6):2167-2196.

Boucekkine, R., Del Rio, F., and Licandro, O. (2003). Embodied technological change,
learning-by-doing and the productivity slowdown. The Scandinavian Journal of Eco-
nomics, 105(1):87-98.

Buera, F. J. and Kaboski, J. P. (2009). Can traditional theories of structural change fit
the data? Journal of the European Economic Association, 7(2-3):469-477.

Buera, F. J., Kaboski, J. P.,; and Shin, Y. (2011). Finance and development: A tale of
two sectors. American Economic Review, 101(5):1964-2002.

Caves, D. W., Christensen, L. R., and Diewert, W. E. (1982). The economic theory of
index numbers and the measurement of input, output, and productivity. Econometrica,

50(6):1393-1414.

Comin, D., Lashkari, D., and Mestieri, M. (2021). Structural change with long-run

income and price effects. Econometrica, 89(1):311-374.

61



Diewert, W. E. (1976). Exact and superlative index numbers. Journal of Econometrics,

4(2):115-145.

Diewert, W. E. (1978). Superlative index numbers and consistency in aggregation. Fcono-

metrica, 46(4):883-900.

Duarte, M. and Restuccia, D. (2010). Structural transformation and aggregate produc-

tivity in South America. American Economic Journal: Macroeconomics, 2(4):1-23.

Duernecker, G., Herrendorf, B., and Valentinyi, A. (2021). The productivity growth
slowdown and Kaldor’s growth facts. Journal of Economic Dynamics and Control,
130:104200.

Durén, J. and Licandro, O. (2025). Is the output growth rate in NIPA a welfare measure?
The Economic Journal, 135(665):119-143.

Feenstra, R. C., Inklaar, R., and Timmer, M. P. (2015). The next generation of the Penn
World Table. American Economic Review, 105(10):3150-3182.

Fisher, F. M. and Shell, K. (1968). Taste and quality change in the pure theory of the
true cost-of-living index. In Wolfe, J. N., editor, Value, Capital and Growth, pages
97-139. Edinburgh University Press, Edinburgh.

Fisher, 1. (1922). The Making of Index Numbers. Houghton Mifflin.

Gordon, R. J. (1990). The Measurement of Durable Goods Prices. NBER Monograph
Series. University of Chicago Press, Chicago.

Greenwood, J., Hercowitz, Z., and Krusell, P. (1997). Long-run implications of

investment-specific technological change. American Economic Review, 87(3):342-362.

Herrendorf, B., Rogerson, R., and Valentinyi, A. (2013). Two perspectives on preferences

and structural transformation. American Economic Review, 103(7):2752-2789.

Herrendorf, B., Rogerson, R., and Valentinyi, A. (2014). Growth and structural trans-
formation. In Aghion, P. and Durlauf, S. N., editors, Handbook of Economic Growth,
volume 2B, pages 855-941. Elsevier.

Herrendorf, B., Rogerson, R., and Valentinyi, A. (2021). Structural change in investment
and consumption—a unified analysis. The Review of Economic Studies, 88(3):1311—
1346.

62



Jaravel, X. and Lashkari, D. (2023). Measuring growth in consumer welfare with income-
dependent preferences: Nonparametric methods and estimates for the United States.
The Quarterly Journal of Economics, 139(1):477-532.

Kaldor, N. (1961). Capital accumulation and economic growth. In Lutz, F. A. and
Hague, D. C., editors, The Theory of Capital, pages 177-222. Macmillan, London.

Kongsamut, P., Rebelo, S., and Xie, D. (2001). Beyond balanced growth. The Review
of Economic Studies, 68(4):869-882.

Kuznets, S. (1966). Modern Economic Growth: Rate, Structure and Spread. Yale Uni-

versity Press, New Haven, CT.

Licandro, O., Ruiz-Castillo, J., and Duran, J. (2002). The measurement of growth under

embodied technical change. Recherches économiques de Louvain, 68(1):7-19.

Ngai, L. R. and Pissarides, C. A. (2007). Structural change in a multisector model of
growth. American Economic Review, 97(1):429-443.

Parker, R. P. and Triplett, J. E. (1996). Chain-type measures of real output and prices
in the U.S. National Income and Product Accounts. Survey of Current Business,
76(5):58-68.

Swiecki, T. (2017). Determinants of structural change. Review of Economic Dynamics,
24:95-131.

Whelan, K. (2002). Computers, obsolescence, and productivity. The Review of Eco-
nomics and Statistics, 84(3):445-461.

63



