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Abstract

This paper studies optimal taxation when marginal contributions to an exter-

nality differ between urban and rural regions (non-atmospheric externalities), and

individuals can migrate from rural to urban regions to earn higher wages. I show

that when the government is constrained to set a uniform commodity tax across

regions, the presence of externalities alters the structure of optimal redistribution. In

particular, if, for example, urban residents impose higher marginal external damages,

the optimal policy features more redistribution, relative to a benchmark without

externalities. This additional redistribution reduces the attractiveness of higher

urban wages and thus discourages migration into the urban region. These findings

highlight a potential role for redistributive policy in internalizing externalities.
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1 Introduction

Urbanization is associated with increased air pollution exposure (Borck and Schrauth,

2021; Carozzi and Roth, 2023; Borck and Schrauth, 2024), higher crime rates (Glaeser and

Sacerdote, 1999) and greater congestion (Chang et al., 2017), which may reduce overall

productivity (Zivin and Neidell, 2012) and place additional burdens on the fiscal system

through increased health and safety expenditures. At the same time, urbanization gives

rise to agglomeration forces that benefit firms and raise overall productivity by clustering

economic activity, facilitating knowledge spillovers, improving worker–firm matching, and

providing easier access to industry-specific services (see, e.g., Ciccone and Hall (1996),

Paul and Siegel (1999) and Combes and Gobillon (2015)). Because individuals consider

themselves “atomic”, neither the aggregate productivity gains nor the social costs arising

from their location choices are internalized in their migration decisions.

The trade-off of urbanization can be cast within the framework of non-atmospheric

consumption externalities with respect to region, meaning that the marginal contribution

to the externality depends on the location in which an individual resides. In particular,

living and working in an urban region requires, for example, consumption of urban housing

and infrastracture. When the external costs of urbanization exceed the external benefits,

urban consumption (or urbanization) contributes to a net negative externality; when

benefits dominate, it generates a net positive externality. Although the relative strengths

of these forces are ultimately an empirical matter,1 the internalization of (net) externalities

is typically a task assigned to tax policy.

The optimal taxation of non-atmospheric consumption externalities is studied theo-

retically in Micheletto (2008). However, despite its important implication, namely, the

breakdown of the well-known “additivity property” of Sandmo (1975) (discussed further

under Related Literature), practical applications of this framework are scarce.2 This

paper contributes by applying the concept of non-atmospheric externalities to a regional

setting in order to derive concrete policy implications. In particular, it studies the design

of optimal tax policy in an economy with non-atmospheric externalities across regions

1See Ahlfeldt and Pietrostefani (2019) for a comparison of the benefits and costs of density.
2An exception is the literature examining the implications of relative consumption concerns for optimal

tax policy (Aronsson and Johansson-Stenman, 2010; Eckerstorfer and Wendner, 2013; Wendner, 2014;

Eckerstorfer, 2014).
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and wage-increasing migration from the rural to the urban region.

For this purpose, I develop a model with two wage/productivity types, high- and low-

type individuals, who may reside in one of two regions, urban or rural. Individuals choose

labor supply at the intensive margin and determine their consumption levels. Consumption

goods fall into two categories: externality-generating goods and normal goods. Externality-

generating goods are best understood as region-specific goods that must be supplied from

the location of residence, most notably housing, local infrastructure services (e.g., water

and energy supply), and local transportation. The marginal contribution of consuming

these goods to the aggregate externality differs across regions, and the resulting aggregate

externality affects the utility of all individuals in the economy.

Individuals may be either mobile or immobile. Each region contains both high- and

low-type individuals who are immobile and therefore remain in their respective regions.

In addition, a mass of low-type individuals initially located in the rural region is mobile.

These individuals may choose to incur a fixed utility cost to migrate to the urban region.

Upon migrating, they become high-type with a certain probability; otherwise, they remain

low-type. Hence, mobile individuals compare their expected utility in the urban region

net of the fixed migration cost to the utility associated with remaining in the rural region

as low-type individuals.

A utilitarian government maximizes social welfare. Its policy instruments are nonlinear

income taxes and commodity taxes that are uniform across regions. This assumption of

uniform commodity taxation is central to the main result of the paper and is discussed

in detail below. Overall, the government’s purpose is to design a tax system that

simultaneously achieves optimal redistribution and efficient internalization of externalities

while respecting its budgetary restrictions.

The main finding of the paper is that when commodity taxes cannot be differentiated

across regions, and when migration can raise wages (“wage-increasing migration”), the

level of optimal redistribution is shaped in a specific way by non-atmospheric externalities.

Suppose that the marginal contribution of urban consumption to the negative externality

is larger in the urban region than in the rural region. I show analytically for this scenario

that the optimal uniform commodity tax rate on the externality-generating good lies

below the level necessary to fully internalize the externalities generated by urban residents.

As a result, a uniform commodity tax induces excessive migration to the urban region.

3



To counteract this excess migration/urban consumption, the government turns to

income taxation. Migration occurs because individuals expect to earn higher wages in the

urban region. By taxing high incomes more heavily and redistributing more (e.g., relative

to a case with no externalities), the government can reduce the attractiveness of migrating

and prevent excess inflows into the urban region. In effect, the government “bribes” mobile

low-type individuals to remain in the rural region, in order to limit the external costs of

urban consumption, by lowering the relative payoff from becoming high-type. Conversely,

if urbanization (or urban consumption) generates a net positive externality, the logic

reverses. In that case, the government optimally reduces the extent of redistribution

in order to encourage additional migration to the urban region, expanding the positive

spillovers associated with urban activity.

As mentioned earlier, the restriction to uniform commodity tax rates is crucial for the

results above. According to the literature on the optimal taxation of non-atmospheric

externalities (Micheletto, 2008; Aronsson and Sjögren, 2018), the first-best strategy is

to differentiate taxes across externality-generating units according to their marginal

contributions to the externality. For instance, if the urban region contributes more at the

margin to a negative externality than the rural region, the associated externality-generating

good(s) should be taxed at a higher rate in the urban region.

While technically feasible, differential taxation of the same good across regions is often

politically and administratively challenging. One option is a direct tax on individuals

entering the urban region, but this is politically difficult to implement since it resembles

restricting freedom of movement.

An alternative is to differentiate commodity taxes on housing, infrastracture and

transportation across regions. However, this is administratively demanding for two

reasons. First, it requires determining which goods to tax and at what rate in each region,

a task complicated by the heterogeneity of externality profiles. Second, it would require

centralizing the authority to set tax rates across regions; local governments, for example,

would need to give up some of their existing taxation powers (such as over property

taxes). Beyond these administrative hurdles, taxing identical goods at different rates

across regions also violates the principle of horizontal equity (the idea that individuals in

similar circumstances should be treated similarly), which many consider a core fairness

criterion in tax design (see, e.g., Musgrave and Musgrave (1989, p. 223) or Mirrlees
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(2011, p. 69–70)). Although externalities provide a theoretically valid justification for

such departures, this may still face political resistance in practice. These political and

administrative challenges make first-best regional tax differentiation difficult to achieve in

practice.

Overall, this paper proposes progressive income taxation as an instrument for addressing

regional externalities. Although it is second-best to regionally differentiated commodity

taxes in an efficiency sense, it has the practical advantages of greater political acceptability,

administrative simplicity, and consistency with horizontal and vertical equity.

Related literature. This paper contributes to the broader literature on the optimal

taxation of externalities. In his seminal work, Sandmo (1975) shows that a Pigouvian tax

on the externality-generating good is sufficient for effectively internalizing externalities.

Other taxes need not be affected by externality considerations (the “additivity property”).

This insight forms a starting point for the present study, which highlights a specific

context in which additivity does not hold. A related strand of the literature examines the

possibility of a double dividend from externality taxation (Bovenberg and van der Ploeg,

1994; Bovenberg and de Mooji, 1994; Schneider, 1997; Bovenberg and Van Der Ploeg,

1998). While some results of this paper resonate with the double-dividend perspective, it

is not a central aspect of this study.

More narrowly, the present study falls within the literature that examines the taxation

of externalities alongside the problem of optimal redistribution à la Mirrlees (1971).

This literature establishes that, even in the presence of pre-existing distortions from

distortionary income taxation, the additivity property of Sandmo (1975) continues to

hold (Pirttilä and Tuomala, 1997; Cremer et al., 1998). In fact, this literature shows

that, when consumption and labor supply are weakly separable and commodity taxes

are restricted to be uniform, optimal externality taxes should be set at their Pigovian

level; that is, they should equal the marginal external harm (or benefit) generated by

the externality. Contemporary work in this field continues to investigate the structure of

optimal externality taxes under various assumptions (Jacobs and de Mooij, 2015; Jacobs

and van der Ploeg, 2019), as well as their optimal levels (Aigner, 2014).

The studies discussed thus far, however, are confined to externalities of the atmospheric

type, where each externality-generating unit contributes identically at the margin. Within

the literature on optimal externality taxation and redistribution, this paper is most closely
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related to studies that examine externalities of the non-atmospheric type. Micheletto (2008)

shows that the additivity property no longer holds when the externality is non-atmospheric.

In their helpful review, Aronsson and Sjögren (2018) similarly demonstrate, within a simpler

framework, how the additivity property breaks down in the presence of non-atmospheric

externalities. A series of papers analyzing the implications of relative consumption concerns

for optimal commodity and income taxation can be viewed as studying optimal tax design

under non-atmospheric consumption externalities (Aronsson and Johansson-Stenman,

2010; Eckerstorfer and Wendner, 2013; Wendner, 2014; Eckerstorfer, 2014).

The additivity property of Sandmo (1975) is a cornerstone of optimal tax analyses of

externalities and implicitly guides how policymakers design corrective taxes. Against this

background, the result in Micheletto (2008), that additivity breaks down in the presence of

non-atmospheric externalities, is important. While this theoretical insight forms a starting

point, applying it in specific settings is necessary to generate concrete policy implications.

To the best of my knowledge, apart from work on relative consumption concerns, there

are no applied studies examining non-atmospheric externalities. This paper fills this gap

by introducing non-atmospheric externalities into a regional context and examining the

resulting implications for tax policy design.

The remainder of the paper is structured as follows. Section 2 introduces the model,

describing individuals and the government. Section 3 presents the optimal policy rules.

Section 4 provides illustrative simulations that reinforce the analytical results of Section

3. Section 5 concludes.

2 The Model

2.1 Individuals

2.1.1 Basics

There are individuals who may be of high (H) or low (L) wage/productivity types, and

who can reside in either urban (U) or rural (R) areas. Individuals of type n ∈ {H,L}

earn a wage wn per unit of labor supplied, irrespective of their location of residence. Each

individual supplies labor ln, generating gross labor income yn = wnln. The government

imposes a nonlinear income tax T (yn) on labor income, leading to net income zn =

6



yn − T (yn). Individuals allocate their disposable income across three consumption goods:

a normal good cn, an externality-generating good qn, and a numéraire good xn. The

externality-generating good qn represents a bundle of region-specific goods (such as housing,

local infrastracture and transportation) that must be sourced where individuals live. Thus,

as the urban or rural population grows, total consumption of the region-specific bundle

rises, amplifying the associated externality. The aggregate external effect generated by

the externality-generating good is denoted by E, as defined more precisely later.

It is important to note that the same wage types residing in different regions (urban

versus rural) are otherwise identical. Their labor supply (ln), income levels (yn, zn), and,

if prices do not differ across regions, consumption bundles (cn, qn, xn) coincide.

Let a fraction αM of individuals be born in the rural area but be mobile. Mobile

individuals are heterogeneous with respect to their fixed utility cost of migration δ, which

is distributed according to a probability density function g(δ) with support [δ, δ] and

corresponding cumulative distribution function G(δ).3 Mobile individuals can pay this

fixed cost δ to migrate to the urban area. This approach for modeling migration decisions

is simple yet standard. For instance, Kessing et al. (2020) model migration decisions,

while Jacquet et al. (2013) model labor market participation decisions using a similar

approach.

Let δT denote the threshold level of the fixed migration cost, whose expression is

introduced in the next subsection. Mobile individuals with δ ≤ δT choose to migrate,

while those with δ > δT remain in the rural region. Consequently, G(δT ) represents the

fraction of mobile individuals who opt to migrate. The motivation for migrating from

the rural area to the urban area is to earn higher wages, i.e., to become high-type. I

assume that the probability of becoming high-type after moving to the urban area is β.

Hence, a fraction β of individuals who migrate to the urban area become H-type, while

the remaining fraction (1− β) remain L-type.4

3I assume that δ is separable from consumption and labor supply choices, meaning that, conditional on

wage type, individuals make identical consumption and labor supply decisions regardless of their specific

value of δ.
4An equivalent formulation would be to assume that all mobile individuals are initially born in the

urban area, where residents must incur a fixed cost δ (e.g., extra housing costs or the psychological cost

of living in a dense environment). These individuals could then move to rural areas, thereby avoiding

the fixed cost δ but foregoing the opportunity to become high-types. This alternative formulation is

inconsequential for our main results, since δ is a constant and does not affect the optimal policy rules.
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Mobile individuals, who represent a fraction αM of the population, can be further

decomposed. This decomposition will be useful later when constructing the government’s

program: (i) αMG(δT )β: the fraction who migrate from the rural to the urban area and

become H-type; (ii) αMG(δT )(1 − β): the fraction who migrate from the rural to the

urban area but remain L-type; and (iii) αM(1−G(δT )): the fraction who choose not to

migrate despite being mobile.

In addition to mobile, there are immobile individuals. Let αU
n and αR

n , with n ∈ {H,L},

denote the fractions of immobile high- and low-type individuals residing respectively in

the urban and rural areas. Overall, mobile and immobile individuals constitute the entire

population, so that the sum of their fractions can be assumed to equal one:

αM +
∑

n∈{H,L}

(
αU
n + αR

n

)
= 1.

Finally, individual utility is given by

un(cn, qn, xn, ln, E)−mδ (1)

where m is an indicator variable that takes the value one if an individual is mobile and

chooses to migrate, and zero otherwise. The utility function is increasing, unc > 0, and

concave, uncc < 0, with respect to all three consumption goods.5 It also satisfies unl < 0,

unll > 0 and unE < 0.

2.1.2 Utility Maximization

The utility maximization problem can be represented as a three-stage process for mobile

individuals and a two-stage process for immobile individuals. In the first stage, mobile

individuals choose their location of residence. In the second stage, they decide on their

optimal labor supply and determine their gross labor income. Given the nonlinear income

tax schedule set by the government, this decision pins down their net income. In the third

and final stage, individuals allocate their net income among three consumption goods,

taking prices and other relevant variables as given. Immobile individuals skip the first

stage, as their location is fixed, but follow the same second and third stages.

I solve this problem by backward induction, with the solution steps outlined below,

starting from the third stage, which is the first step of the solution procedure.

5Subscripts denote partial derivatives with respect to the corresponding variable.
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Third stage. In this final stage of their optimization problem, individuals maximize

utility (1) subject to the budget constraint pccn+ pqqn+ pxxn = zn, for a given net income

zn. Consumer prices are given by pc = Pc + τc, pq = Pq + τq, px = Px where Pc, Pq and

Px represent base prices, and τc and τq are the specific commodity taxes imposed by the

government on the normal and externality-generating goods. The numeriare good, x, is

untaxed. Solving this stage yields the indirect utility function Un(pc, pq, px, zn, ln, E)−mδ,

as well as the conditional demand functions cn(pc, pq, px, zn, ln, E), qn(pc, pq, px, zn, ln, E)

and xn(pc, pq, px, zn, ln, E).

Second stage. Next, I solve for optimal gross income (or labor supply) by maximizing

the indirect utility function derived above, Un(pc, pq, px, yn − T (yn),
yn
wn
, E) −mδ, with

respect to yn where we substituted zn = yn−T (yn) and ln = yn
wn

. The first-order condition

from this problem defines the marginal income tax rate faced by individuals:

T ′(yn) = 1 +
∂Un

∂ln
1
wn

∂Un

∂zn

. (2)

Equation (2) can also be viewed as an expression implicitly defining optimal labor supply.

First stage. This stage applies only to mobile individuals. They decide whether to

migrate by comparing the expected utility from migration with the utility from staying.

Recall that after migrating, a mobile individual becomes an H-type with probability β

and remains an L-type with probability (1− β). If the individual does not migrate, they

remain an L-type. Hence, migration occurs if the following condition holds:

β
(
UH − δ

)
+ (1− β)

(
UL − δ

)
≥ UL

Rearranging yields the threshold level of the fixed migration cost:

δT = β(UH − UL) (3)

Mobile individuals with fixed migration costs below δT choose to migrate, while those with

higher costs do not. Consequently, as noted in the previous subsection, G(δT = β(UH−UL))

represents the fraction of mobile individuals who migrate.

We assume that individuals behave atomistically in their utility maximization. That is,

they treat their own contribution to the externality E as negligible and do not internalize

the external effects of their consumption or labor supply decisions.
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2.1.3 Externality

Consumption of the externality-generating good q gives rise to an external effect. The

total external effect depends on aggregate consumption of q in the urban, QU , and in the

rural areas, QR. Accordingly, the total externality is defined as

E = f(QU , QR), where

QU =
∑

n∈{H,L}

αU
n qn + αMG

(
δT
)[
βqH + (1− β)qL

]
,

QR =
∑

n∈{H,L}

αR
n qn + αM

(
1−G(δT )

)
qL.

(4)

Let the marginal effect of q consumption on the externality be defined as ∂f/∂QU = fu

in the urban area and ∂f/∂QR = fr in the rural area. The externality is said to be

atmospheric with respect to location if the marginal contributions in the urban and

rural regions are identical, that is, fu = fr. In contrast, non-atmospheric externalities or

location-dependent externality generation arise when fu ≠ fr, implying that the marginal

external effect depends on the location of residence. In this case, a unit of q consumption

contributes to the externality differently across regions.

To illustrate, suppose urbanization generates a net negative externality due to con-

gestion or pollution. Then, consuming the region-specific bundle q in the urban area

contributes more to the aggregate external cost than consuming the same bundle in the

rural area, implying fu > fr.

Note also that a positive fu or fr corresponds to a negative externality, whereas a

negative fu or fr corresponds to a positive externality, given that unE < 0.

2.2 Government

The government is utilitarian and maximizes the sum of individual utilities. The govern-

ment’s objective function is given by:∑
n∈{H,L}

(αU
n+α

R
n )Un+αM

{
β

∫ δT

δ

(UH−δ)g(δ)dδ+(1−β)
∫ δT

δ

(UL−δ)g(δ)dδ+
(
1−G(δT )

)
UL

}
.

(5)

Equation (5) has two components. The summation term aggregates the utilities of

immobile individuals, weighted by their population shares. The expression in curly

brackets captures the contribution of mobile individuals. As described earlier, a fraction
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β of individuals who choose to migrate become H-type and the remaining fraction 1− β

stay L-type. Accordingly, the first integral reflects the utility of those who migrate and

become H-type, net of the fixed migration cost, up to the migration threshold δT . In

a similar fashion, the second integral represents the utilities of those who migrate but

remain L-type. The final term within curly brackets represents the utilities of mobile

individuals who choose not to migrate and thus remain L-type.

The government must satisfy the following budget constraint:∑
n∈{H,L}

(αU
n + αR

n )(yn − zn) + αM
{
G(δT )β(yH − zH) +G(δT )(1− β)(yL − zL)+

(1−G(δT ))(yL − zL)
}
+ τq(Q

U +QR) + τc(C
U + CR) = 0. (6)

The first term represents income tax revenue from immobile individuals. The second

term with curly brackets accounts for income tax revenue from mobile individuals. As in

the social welfare expression, the three terms within curly brackets respectively capture

the income tax revenue from mobile individuals who migrate and become H-type, those

who migrate but remain L-type, and those who do not migrate despite being mobile and

therefore remain L-type. The final two terms in the budget constraint collect commodity

tax revenue from aggregate urban and rural q and c consumption as defined in (4).6

There is asymmetric information between the government and individuals: each

individual knows their own wage type, but the government does not. Therefore, the

optimal allocation must satisfy the standard incentive compatibility constraint:

UH
(
pc, pq, px, zH ,

yH
wH

, E
)
≥ Û

(
pc, pq, px, zL,

yL
wH

, E
)

(7)

where the right-hand side denotes the utility a high-type individual would obtain by

mimicking a low-type. Note that the introduction of fixed migration costs does not

modify the classical incentive compatibility condition. A mobile individual who migrates

and becomes H-type receives utility UH − δ when behaving truthfully and Û − δ when

mimicking, so the fixed cost δ cancels from the inequality in (7).

The government can use the commodity tax rate τq to exercise perfect control over

aggregate q consumption and therefore over the total external effect E. Hence, the

expression for E in (4) can be treated as an artificial constraint, allowing E to be taken

as a choice variable in the government’s problem.

6CU and CR are defined analogously to QU and QR in (4).
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Notice also that the government can use the commodity tax instruments τq and τc to

fully control the prices pq and pc (the numeraire good x has a fixed price px). As standard

in the Mirrleesian tradition, the government solves for optimal nonlinear taxes by choosing

allocations zn and yn for each wage type. Furthermore, as discussed above, the government

can also perfectly determine the total external effect E. Consequently, it can fully control

the indirect utilities of both types and, in turn, the migration threshold in (3). I therefore

treat δT as a choice variable and impose the migration-threshold expression (3) as another

artificial constraint in the government’s program.

3 Optimal Policy Rules

Before presenting the results, it is useful to clarify notation. Subscripts on indirect utilities

denote partial derivatives; for instance, Un
x is the partial derivative of the indirect utility

of type n with respect to variable x. As mentioned earlier, marginal contributions to

externality are written as ∂f
∂QU = fu for urban residents and ∂f

∂QR = fr for rural residents.

For ease of exposition, we assume the externality is negative, so fu > 0, fr > 0 with

unE < 0. The results can be reinterpreted straightforwardly for positive externalities (i.e.,

for fu < 0 and fr < 0), as will be done in the illustrative simulations.

The Lagrangian of the government’s optimization problem is constructed from the

objective function (5) together with constraints (3), (4), (6), and (7). The full Lagrangian

and the corresponding first-order conditions are provided in Appendix. The Lagrange

multipliers associated with each constraint are denoted as follows: (i) λ: budget constraint

(6), (ii) φ: incentive compatibility constraint (7), (iii) κ: migration-threshold condition

(3), (iv) µ: externality condition (4).

Assumption 1. The utility function in (1) is assumed to be additively separable with log

subutility in consumption goods. That is:

un(cn, qn, xn, ln, E) = γclog(cn) + γqlog(qn) + γxlog(xn)−
l
1+ 1

ϵ
n

1 + 1
ϵ

− E (8)

with γc + γq + γx = 1. The term l denotes labor, and E is the externality defined in (4).

It is in principle possible to derive analytical expressions for optimal policy instruments

without imposing a specific functional form for preferences. Indeed, general optimal

commodity and marginal income taxation formulas under non-atmospheric externalities

12



and without particular utility restrictions are derived in, among others, Micheletto (2008),

Eckerstorfer and Wendner (2013), and Aronsson and Sjögren (2018).

The purpose of the present study, however, is not to provide general policy rules,

but rather to highlight the specific mechanism through which optimal income taxation

is influenced by region-specific externality generation and wage-increasing migration.

The utility function introduced in Assumption 1 yields compensated (Hicksian) demand

responses to price changes that are proportional to the level of demand. This property

considerably simplifies the optimal policy formulas, allowing the focus to remain on the

main mechanisms of interest. Nonetheless, the mechanism identified here would carry

over to a more general framework that does not impose any specific functional form.

Proposition 1. The marginal social value of a reduction in the externality, expressed

in terms of public funds (or the shadow value of marginally relaxing the externality

constraint), reads:
µ

λ
=

∑
n∈{H,L}

anMWP n
E,z,

where an denotes the aggregate population share of type-n individuals, and MWP n
E,z =

−Un
E/Un

z represents the marginal willingness to pay of a type-n individual for a reduction

in externality. ■

See Appendix for the proof.

The result presented in Proposition 1 is intuitive. The value society assigns to

a reduction in the externality, µ/λ, equals the aggregate willingness to pay for such

a reduction. When the externality is negative, individuals’ willingness to pay for its

reduction is positive, implying µ/λ > 0.

One can examine the optimal policy rules for the presence of µ/λ to determine whether

a particular instrument is influenced by externality considerations. If a policy rule includes

the term µ/λ, it indicates that the instrument is affected by externality considerations;

conversely, the absence of this term implies that externalities do not play a role in that

instrument’s optimal rule.

Proposition 2.

i. The optimal commodity tax rate on the externality-generating good equals a weighted

average of the marginal externality contributions in the urban and rural areas,
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multiplied by the marginal social value of externality reduction:

τq =
µ

λ
(fuθu + frθr)

with θu = QU/(QU + QR), θr = QR/(QU + QR) implying θu + θr = 1. Here, the

weights θu and θr represent the shares of the urban and rural regions in aggregate q

consumption.

ii. The optimal commodity tax rate on the clean good is unaffected by externality

considerations, i.e., τc = 0. ■

See Appendix for the proof.

Intuitively, the efficient tax rate that internalizes the externality equals the shadow price

of the externality (as defined in Proposition 1) multiplied by the marginal contribution

of consumption to the externality. Hence, the “fair” tax rate on urban q consumption is

µ
λ
fu, while the “fair” tax rate on rural q consumption is µ

λ
fr.

The government, however, is restricted to imposing a uniform commodity tax rate

across regions. It therefore sets a single tax rate on commodity q that reflects a weighted

average of the region-specific fair tax rates, where the weights correspond to each region’s

contribution to aggregate consumption of the externality-generating good, q. To illustrate,

consider an extreme case in which the rural region consumes no q, i.e., θr = 0. In this

situation, the fair tax rate for the rural region is irrelevant for determining the optimal τq,

since all externality-generating consumption occurs in the urban region.

In the more general case where both regions consume q, but the urban region accounts

for a larger share of total q consumption (i.e., θu > θr), the government assigns a greater

weight to the urban fair tax rate. As a result, the chosen uniform tax rate τq is closer to

the urban region’s fair rate.

When the government is restricted to applying a uniform commodity tax rates, it

cannot fully internalize differing marginal externality generations across regions. As a

result, the policy generally leads to either under- or overconsumption of the externality-

generating good. To illustrate, suppose the externality is negative and that the marginal

contribution is higher in the urban region. In this case, fu > fr, which implies

µ

λ
fu >

µ

λ
(fuθu + frθr) >

µ

λ
fr,
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where the middle term is the optimal τq. Hence, the optimal commodity tax rate on q

lies between the fair rates for the two regions: it is higher than the rural fair rate and

lower than the urban fair rate. As a consequence, aggregate q consumption in the urban

region remains above its efficient level, while rural consumption remains below its efficient

level. The commodity tax alone therefore does not fully internalize the externality. This

pattern mirrors the classic findings on optimal commodity taxation under non-atmospheric

externalities (see, e.g., Micheletto (2008) or Aronsson and Sjögren (2018)) in a regional

context. Accordingly, the government has an incentive to use its other instruments,

namely, income taxes, to mitigate the overconsumption of q in urban areas and the

underconsumption in rural areas.

In cases where the commodity tax on the externality-generating good cannot fully

internalize the externality, as in our setting, the tax on the normal good can in principle

be used to correct under- or overconsumption in rural and urban regions by exploiting

the normal good’s substitutability or complementarity with the externality-generating

good. For example, if q and c are substitutes, the government could reduce demand for q

by subsidizing c through a negative τc.

However, under Assumption 1, compensated demand responses to price changes are

proportional, meaning that the demand for q in both regions reacts to changes in τc

at the same rate. As a result, τc cannot be used to differentially affect q consumption

across regions, which is necessary to address region-specific under- or overconsumption.

Consequently, introducing a tax on the normal good would generate additional consumption

distortions without achieving the desired reallocation. Therefore, in the optimum, the

government sets τc = 0.

Proposition 3. The optimal marginal income tax rates, in addition to managing

the equity–efficiency trade-off of redistribution, also refine aggregate consumption of

the externality-generating good q across urban and rural regions by adjusting individual

consumption levels:

T ′(yH) =MRSH
y,z

∂qH
∂zH

[(
τq −

µ

λ
fu

)
Hu +

(
τq −

µ

λ
fr

)
Hr

]
,

T ′(yL) =
φ

λaL
Ûz

(
M̂RSy,z −MRSL

y,z

)
+MRSL

y,z

∂qL
∂zL

[(
τq −

µ

λ
fu

)
Lu +

(
τq −

µ

λ
fr

)
Lr

]
,

where MRSn
y,z =

Un
l

1
wn

Un
z

for n ∈ {H,L} and M̂RSy,z =
Ûl

1
wH

Ûz
denote the marginal rates of
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substitution between gross and net income for truthful type-n and mimicking individuals,

respectively. The term aL represents the aggregate share of low-type individuals in the

population, while Hi and Li for i ∈ {U,R} denote the shares of high- and low-type

individuals residing in region i, respectively, with Hu +Hr = 1 and Lu + Lr = 1. ■

See Appendix for the proof.

In a standard two-type Mirrleesian optimal income tax problem without externalities,

we would have T ′(yH) = 0, while T ′(yL) would coincide with the first term on the right-

hand side of the expression for T ′(yL) in Proposition 3. This is the well-known result of

Stiglitz (1982) concerning the equity–efficiency trade-off in redistribution and is not the

focus of this paper. The additional terms in the optimal tax formulas in Proposition 3

arise entirely from externality considerations.

In our setting, marginal income tax rates serve an additional purpose: adjusting the q

consumption of individuals who have already chosen their region of residence. Consider

the expression for T ′(yH). Marginal income taxes directly affect gross income yH , and

indirectly net income zH . The term MRSH
y,z (∂qH/∂zH) captures how a change in T ′(yH)

feeds into high-type individuals’ qH consumption via its effect on their net income zH .

Maintaining the assumption that fu > fr as above, it follows that µ
λ
fu > τq >

µ
λ
fr.

The bracketed term in Proposition 3 then adjusts T ′(yH) according to the distribution of

high-type individuals across regions. If most high types reside in the urban region (so

Hu ≫ Hr), the bracketed term tends to raise T ′(yH) in order to curb their q consumption

and offset the urban overconsumption. Conversely, if high types are predominantly rural,

T ′(yH) is reduced to increase rural q consumption toward its efficient level.

The interpretation of the additional term in the expression for T ′(yL) is analogous.

Proposition 4. The marginal social value of an increase in the migration threshold,

expressed in terms of public funds (or the shadow value of tightening the migration threshold

constraint), is influenced by externality considerations:

−κ
λ
= Π+

∂QU

∂δT

(
τq −

µ

λ
fu

)
+
∂QR

∂δT

(
τq −

µ

λ
fr

)
,

where Π denotes the income tax revenue effect of a marginal increase in the migration

threshold, and ∂QU/∂δT > 0 and ∂QR/∂δT < 0. ■

See Appendix for the proof.
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Next, we turn to net and average taxes, for which, unfortunately, obtaining analytical

expressions is not possible. Nevertheless, the shadow value of tightening the migration

threshold constraint in Proposition 4 provides economic intuition regarding their roles.

Beyond its effect on income tax revenue, a marginal change in δT alters urban and rural

q consumption by shifting the mass of mobile individuals who choose to migrate. An

increase in δT raises urban q consumption by inducing more mobile individuals to locate

in the urban region, and decreases rural q consumption. Hence, ∂QU/∂δT > 0 and

∂QR/∂δT < 0.

Maintaining the assumption of a negative externality and the ordering µ
λ
fu > τq >

µ
λ
fr

once again, the last two terms in the expression for −κ/λ are negative. They therefore

negatively contribute to the shadow value of tightening the constraint (the welfare effect,

in terms of public funds, of marginally increasing the migration threshold).

Our main result follows directly from Proposition 4.

Corollary 1. (Main Result) The optimal migration threshold defined in (3) depends

on the indirect utility difference (UH − UL), which in turn is determined by the optimal

allocations {yn, zn}n∈{H,L}, that is, by net taxes T (yn) and average taxes T (yn)/yn. Because

the shadow value of a marginal change in the migration threshold depends on externality

considerations, as illustrated in Proposition 4, it follows that the optimal policy rules for

net and average taxes are themselves influenced by externalities: they exploit the migration

margin to adjust aggregate q consumption across the urban and rural regions. ■

In order to understand the specific policy implications of Proposition 4 and Corollary

1, consider the following thought experiment. Suppose first that there is no externality,

i.e., fu = fr = 0, which then straightforwardly implies τq = 0. In this case, the last two

terms in the expression for −κ/λ (in Proposition 4) are zero.

Now suppose there is a non-atmospheric externality. That is, under the assumptions of

a negative externality and fu > fr, we have µ
λ
fu > τq >

µ
λ
fr. Compared to the case of no

externality, this negative externality reduces the shadow value of a marginal increase in the

migration threshold, ceteris paribus, as mentioned above. Consequently, net and average

taxes should adjust (UH − UL) in a way that lowers δT , reducing the share of mobile

individuals migrating to the urban region. This requires stronger redistribution to decrease

δT = β(UH − UL). As fewer individuals migrate, aggregate urban q consumption, where
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the marginal contribution to the externality is higher, falls, while rural q consumption

rises. If, instead, the marginal contribution to the negative externality were higher in the

rural region, the direction of these adjustments would reverse.

The logic is symmetric for positive externalities. Suppose fu < fr ≤ 0, so that the

marginal contribution to the positive externality is larger in the urban region. Then the

government subsidy to q is below its fair level for urban residents but above the fair level

for rural residents: −µ
λ
fu > −τq > −µ

λ
fr. In this case, the last two terms in −κ/λ increase

the shadow value of raising the migration threshold. Accordingly, optimal policy calls for

weaker redistribution in order to raise (UH − UL) and δT . More mobile individuals would

migrate to the urban region, helping correct the underconsumption of q there and amplify

the positive externalities, while rural q consumption would decrease.

Finally, it is important to emphasize that net and average taxes directly determine

individual indirect utilities and therefore the migration threshold. While one might

expect marginal income taxes to serve a similar purpose, note that they primarily affect

labor supply responses conditional on the individual’s chosen location. Thus, when the

government can freely differentiate between net (or average) taxes and marginal income

taxes, the latter are not effective instruments for shifting utility levels. Instead, the

government can directly manipulate the utilities of different wage types by adjusting the

net or average taxes they face.

The next section employs simple simulation exercises to illustrate how regional non-

atmospheric externalities influence optimal net and average taxes, i.e., optimal redistribu-

tion and migration.

4 Illustrative Simulations

As is well known, obtaining comparative statics results in Mirrleesian models such as

the one studied here is generally not possible. Thus, it is useful to reinforce the ana-

lytical findings through illustrative numerical simulations. The goal of this section is

therefore not to determine realistic tax rates that can be directly recommended for policy

implementation, but rather to numerically demonstrate the mechanism highlighted in and

around Corollary 1. Accordingly, we adopt a reasonable parametrization and examine the

direction of the changes in policy instruments across various externality specifications.
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4.1 Simulation Specifications

To ensure consistency between the analytical derivations and numerical simulations,

individuals’ preferences are assumed to be those specified under Assumption 1. Following

Jacquet et al. (2013), the fixed utility cost of migration is distributed according to a

logistic distribution,

G(δ) =
e−ω+ρδ

1 + e−ω+ρδ
. (9)

The externality is generated as

E = f(QU , QR) = ψuQ
U + ψrQ

R, (10)

which implies marginal external effects ∂f/∂QU = fu = ψu and ∂f/∂QR = fr = ψr.

4.2 Parametrization

High- and low-type individuals earn wage rates of wL = 3 and wH = 8, respectively.

We assume the following expenditure shares: γq = 0.5 for the externality-generating

good (the bundle of region-specific goods), γc = 0.49 for the non-numéraire normal

good, and γx = 0.01 for the numéraire normal good. That is, if prices were identical,

individuals would allocate half of their expenditure to the externality-generating good

and the remaining half to normal goods. The Frisch elasticity of labor supply is set to a

standard value of ϵ = 0.33 (Chetty, 2012). All baseline prices are normalized to unity,

such that Pq = Pc = Px = 1.

Half of the population is immobile. This group is equally divided among urban high,

urban low, rural high, and rural low types, such that αU
H = αU

L = αR
H = αR

L = 0.125. The

remaining half of the population is mobile, i.e., αM = 0.5. Among individuals who migrate

from the rural to the urban region, half become high-type, implying β = 0.5.
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Table 1: Parametrization

Parameter Value Description

wH , wL 8, 3 Imposed

αU
H , αU

L 0.125, 0.125 Imposed

αR
H , αR

L 0.125, 0.125 Imposed

αM 0.5 Imposed

β 0.5 Imposed

γq, γc, γx 0.50, 0.49, 0.01 Imposed

ϵ 0.33 Imposed

Pq, Pc, Px 1, 1, 1 Imposed

ω, ρ 1.062, 2.79 Calibrated

Note: Parameters (ω, ρ) are calibrated in the benchmark

economy with no externalities (ψu = ψr = 0), whose results are

presented in in panel A of Table 2.

The parameters of the fixed migration cost CDF in equation (9), namely (ω, ρ), are

calibrated in a benchmark Mirrleesian optimal income tax economy. We feed in all

parameters described above and assume that there are no externalities, i.e., ψu = ψr = 0,

since this forms our benchmark environment. We choose (ω, ρ) such that (i) 30% of mobile

individuals choose to migrate to the urban region, i.e. G(δT ) = 0.30, and (ii) the migration

elasticity with respect to net income differences between high and low types equals 0.6,

i.e., dG(δT )
dzH

zH−zL
G(δT )

= 0.6. This calibration yields ω = 1.062 and ρ = 2.79.

It may be helpful to emphasize once again that the economy with ψu = ψr = 0, the

results of which are provided in panel A of Table 2, serves both as (i) the environment

in which (ω, ρ) are calibrated and (ii) the benchmark economy against which optimal

policies in the presence of externalities are compared.

Table 1 summarizes the full parametrization.

4.3 Results

Using the baseline parameters in Table 1, I numerically simulate the optimal policies

under four externality scenarios. The results are reported in Table 2.

Panel A considers a benchmark case without externalities (ψu = 0, ψr = 0). The

remaining panels examine non-atmospheric externalities. Panel B (ψu = 0.5, ψr = 0)
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considers a scenario in which urban residents’ consumption of good q generates a negative

externality for everyone, while rural q consumption has no external effects. Panel C (ψu = 0,

ψr = 0.384) mirrors this case, but with rural residents’ consumption generating a negative

externality and urban consumption remaining externality-free. Panel D (ψu = −0.1,

ψr = 0) examines a setting in which urban residents’ consumption of good q generates a

positive externality, whereas rural consumption produces no external effects.

Table 2: Numerical results

Panel A [ψu = 0, ψr = 0] Panel B [ψu = 0.5, ψr = 0]

τq, τc 0.00, 0.00 τq, τc 1.18, 0.00

T (yL), T (yH) -1.41, 2.93 T (yL), T (yH) -2.90, 1.27

T (yL)/yL, T (yH)/yH -0.53, 0.33 T (yL)/yL, T (yH)/yH -1.22, 0.16

T ′(yL), T ′(yH) 0.03, 0.00 T ′(yL), T ′(yH) 0.14, 0.12

QU , QR 1.00, 1.34 QU , QR 0.54, 0.78

G(δT ) 0.300 G(δT ) 0.283

Panel C [ψu = 0, ψr = 0.384] Panel D [ψu = −0.1, ψr = 0]

τq, τc 1.18, 0.00 τq, τc -0.20, 0.00

T (yL), T (yH) -2.21, -0.62 T (yL), T (yH) -0.67, 2.94

T (yL)/yL, T (yH)/yH -0.88, -0.08 T (yL)/yL, T (yH)/yH -0.24, 0.33

T ′(yL), T ′(yH) 0.07, -0.09 T ′(yL), T ′(yH) 0.04, -0.05

QU , QR 0.69, 0.71 QU , QR 1.28, 1.45

G(δT ) 0.401 G(δT ) 0.359

Note: All parameters are identical across panels (and given in Table 1),

except for the marginal external effects in each region, (ψu, ψr). Positive

values of ψu and ψr indicate negative externalities, while negative values

indicate positive externalities.

First, recall the well-known result of Atkinson and Stiglitz (1976), which shows

that when nonlinear income taxes are optimally chosen, preferences are identical, and

consumption is separable from labor supply, uniform commodity taxation is optimal.

Consequently, in the presence of an untaxed numéraire good and no externalities, as in

Panel A, the optimal commodity tax rates satisfy τq = τc = 0.

When consumption of good q generates negative externalities (Panels B and C), the

optimal policy features a positive tax on q, i.e. τq > 0. Recall from the discussion around

Proposition 2 that, under non-atmospheric externalities, a uniform commodity tax on the
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externality-generating good cannot fully internalize the externality. In particular, when

urban residents contribute more to the marginal external damage (Panel B), the optimal

uniform τq induces over-consumption of q in the urban region and under-consumption

of q in the rural region. The opposite pattern arises when rural residents have the higher

marginal external contribution (Panel C).

Conversely, when good q generates positive externalities (Panel D), the optimal τq

becomes negative, implying a subsidy on q-consumption. In this case, as also discussed

around Proposition 2, a uniform τq causes under-consumption of q in the urban region

and over-consumption of q in the rural region.

Recall once again from the discussions around Proposition 2 that, when preferences

exhibit proportional compensated demand responses, as imposed in Assumption 1, the

optimal τc remains zero even in the presence of non-atmospheric externalities.

Equipped with the intuition regarding regional over- and under-consumption of q, we

now turn to the issue of optimal redistribution, which constitutes our main result. It is

helpful to start by comparing the net and average taxes in panels A and B. As is evident,

the government implements higher net and average transfers to L-type individuals when

urban residents generate a negative externality compared to the case with no externality.

The intuition follows directly from Corollary 1. Since individuals’ motivation for migrating

to the urban area is the prospect of becoming H-type, the government attempts to reduce

the relative attractiveness of becoming H-type by making L-types better off. The purpose

of this policy is to correct the over-consumption of q in the urban region (i.e., to reduce

external costs) and under-consumption of q in the rural region. Put differently, the higher

transfers to L-types function as a “bribe” discouraging mobile workers from migrating to

the urban region in the hope of becoming H-type.

Note, however, that the net and average taxes on H-types decline. Although this

may seem at odds with the preceding intuition, it reflects the so-called double dividend

of externality taxation. Because the government raises additional revenue by taxing the

externality-generating good, it can finance higher transfers to L-types while imposing

lower taxes on H-types in panel B relative to panel A. In the end, the fraction of mobile

workers migrating to the urban region, G(δT ) falls in panel B relative to panel A.

Comparing panels B and C reinforces the main result of this study more clearly. In

panel B, ψu = 0.5 is set arbitrarily. In panel C, on the other hand, ψr = 0.384 is chosen

22



deliberately so that τq in panel C matches that of panel B. The advantage of holding τq

constant across panels B and C is that the levels of net and average taxes, and thus the

degree of redistribution, are directly comparable, since the tax revenue from commodity

taxation is approximately the same.

The government redistributes substantially less in panel C relative to panel B. Not

only are transfers to L-types much lower in panel C, but the government also provides

transfers (rather than taxes) to H-types in panel C, something that does not occur in

panel B. The intuition once again follows from Corollary 1. Unlike panel B, rural residents

are the only contributors to the negative externality in panel C. Hence, the government

seeks to increase the attractiveness of becoming an H-type by reducing redistribution,

strengthening incentives to migrate to the urban region so as to correct the over- (under-)

consumption of q in the rural (urban) region. Put differently, in panel C the government

effectively “bribes” individuals to migrate to the urban region in order to mitigate the

external costs arising from rural q-consumption.

Consequently, the fraction of mobile workers migrating to the urban region is higher

in panel C than in panel B. Notice also that QU is higher in panel C relative to panel B,

whereas QR is lower. This reflects the government’s attempt to reduce q-consumption in

the urban region in panel B, and to reduce q-consumption in the rural region in panel C.

In panel D, urban q-consumption generates a positive externality. Thus, the government

seeks to encourage greater q-consumption in the urban region in order to correct its under-

consumption and exploit its positive external effects. Thus, transfers to L-types are lower

than the benchmark, panel A. At the same time, taxes on H-types are almost exactly the

same as in panel A. This implies that the government, relative to benchmark, finances

the nation-wide subsidies on good q entirely by a reduction in the transfers to L-types.

Consequently, the fraction of mobile workers migrating to the urban region is higher in

panel D relative to panels A.

Marginal income taxes follow the intuition developed in and around Proposition 3.

With the parametrization reported in Table 1, a larger share of high-types resides in the

urban region: immobile high-types are evenly split across regions, while some mobile

individuals migrate to the urban region and become H-type. By contrast, most L-type

workers reside in the rural region: although immobile low-types are also evenly split, the

majority of mobile L-types in the rural region choose not to migrate.
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When urban residents’ q-consumption generates negative marginal external effects

(Panel B), the government seeks to discourage their consumption in order to correct for

over-consumption. If the majority of the H-types reside in the urban region, this can

partly be achieved through a higher T ′(H), which is exactly what we observe in Panel B

relative to Panel A. By the same logic, one would expect a reduction in T ′(L) in Panel B

relative to Panel A. However, note that transfers to L-types are substantially larger in

Panel B than in Panel A. To deter mimicking, the traditional Stiglitz term (the first term

in the expression for T ′(L) in Proposition 3) rises, and this effect dominates, resulting in

an increase in T ′(L) in Panel B relative to Panel A.

The changes in optimal marginal tax rates in Panels C and D relative to Panel A can

be interpreted similarly. In both cases, the government aims to encourage q-consumption

in the urban region and discourage it in the rural region. When the majority of H-types

reside in the urban region, this can partly be achieved through a lower T ′(H). Analogously,

a higher T ′(L) can be used to reduce rural q-consumption if the majority of the L-types

reside in the rural region.

5 Conclusion

Urbanization generates both positive and negative externalities: it brings agglomeration

benefits that raise aggregate productivity, yet it also entails social costs such as increased

exposure to air pollution, crime, and congestion. Regardless of which force dominates,

this environment gives rise to a non-atmospheric externality, meaning that the marginal

contribution of the urban region to the net externality, whether positive or negative, differs

than that of the rural region (non-atmospheric externalities). This paper examines the

design of tax policy that internalizes these regional externalities while simultaneously

achieving optimal redistribution.

For this purpose, I develop a model with two types (high and low) and two regions

(urban and rural). Individuals supply labor and choose their consumption of a normal

good and an externality-generating good. A mass of immobile individuals are fixed in

their regions of residence. In addition, a mass of mobile individuals, initially low-type and

located in the rural region, decide whether to migrate to the urban region by incurring a

fixed utility cost. Conditional on migration, they become high-type with some probability.
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A utilitarian government maximizes social welfare by optimally choosing nonlinear income

taxes and commodity taxes that are constrained to be uniform across regions.

This paper shows that non-atmospheric externalities affect optimal redistribution when

commodity taxes are uniform and migration is motivated by higher urban wages. As an

example, consider a hypothetical scenario where urban consumption contributes to a net

negative externality while the consumption of rural residents does not have external effects.

A uniform commodity tax across regions cannot account for the marginal external costs

generated by urban residents, and thus, it fails to prevent excessive migration into the

urban area. The government therefore relies on the income tax system. By strengthening

redistribution, the government reduces potential gains from migrating and limits excessive

urban inflows.

Differentiated commodity taxes are the first-best response to non-atmospheric ex-

ternalities (Micheletto, 2008; Aronsson and Sjögren, 2018). However, implementing

region-specific commodity taxes can be politically and administratively costly. This paper

shows that progressive income taxation provides a viable alternative. By changing the

returns to migration, it influences migration decisions and helps the government manage

mobility across regions. Overall, the results highlight that standard redistributive tools,

which are easier to implement and consistent with horizontal and vertical equity, can play

an important role in internalizing regional externalities.
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Appendix

Lagrangean and the first-order-conditions. The Lagrangean of the government’s

program combining the objective (5) and the constraints (6), (7), (3), (4) reads:

L =
∑

n∈{H,L}

(αU
n + αR

n )Un + αM

{
β

∫ δT

δ

(UH − δ) g(δ) dδ

+ (1− β)

∫ δT

δ

(UL − δ) g(δ) dδ +
(
1−G(δT )

)
UL

}

+ λ

[ ∑
n∈{H,L}

(αU
n + αR

n )(yn − zn) + αM
{
G(δT )β(yH − zH) +G(δT )(1− β)(yL − zL)

+ (1−G(δT ))(yL − zL)
}
+ τq(Q

U +QR) + τc(C
U + CR)

]

+ φ
[
UH
(
pc, pq, px, zH ,

yH
wH
, E
)
− Û

(
pc, pq, px, zL,

yL
wH
, E
)]

+ µ
[
E − f(QU , QR)

]
+ κ
[
δT − β(UH − UL)

]
.

The first order conditions can be derived as:

zH : aHUH
z + λ

{
− aH + τq

[∂QU

∂zH
+
∂QR

∂zH

]
+ τc

[∂CU

∂zH
+
∂CR

∂zH

]}
+ φUH

z

− µ

{
fu
∂QU

∂zH
+ fr

∂QR

∂zH

}
− κβUH

z = 0, (11)

zL : aLUL
z + λ

{
− aL + τq

[∂QU

∂zL
+
∂QR

∂zL

]
+ τc

[∂CU

∂zL
+
∂CR

∂zL

]}
− φÛz

− µ

{
fu
∂QU

∂zL
+ fr

∂QR

∂zL

}
+ κβUL

z = 0, (12)

yH : aHUH
l

1

wH

+ λ

{
aH + τq

[∂QU

∂yH
+
∂QR

∂yH

]
+ τc

[∂CU

∂yH
+
∂CR

∂yH

]}
+ φUH

l

1

wH

− µ

{
fu
∂QU

∂yH
+ fr

∂QR

∂yH

}
− κβUH

l

1

wH

= 0, (13)

yL : aLUL
l

1

wL

+ λ

{
aL + τq

[∂QU

∂yL
+
∂QR

∂yL

]
+ τc

[∂CU

∂yL
+
∂CR

∂yL

]}
− φÛl

1

wH

− µ

{
fu
∂QU

∂yL
+ fr

∂QR

∂yL

}
+ κβUL

l

1

wL

= 0, (14)
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τq : aHUH
pq + aLUL

pq + λ

{
QU +QR + τq

[∂QU

∂τq
+
∂QR

∂τq

]
+ τc

[∂CU

∂τq
+
∂CR

∂τq

]}

+ φ
(
UH
pq − Ûpq

)
− µ

{
fu
∂QU

∂τq
+ fr

∂QR

∂τq

}
− κβ

(
UH
pq − UL

pq

)
= 0, (15)

τc : aHUH
pc + aLUL

pc + λ

{
CU + CR + τq

[∂QU

∂τc
+
∂QR

∂τc

]
+ τc

[∂CU

∂τc
+
∂CR

∂τc

]}

+ φ
(
UH
pc − Ûpc

)
− µ

{
fu
∂QU

∂τc
+ fr

∂QR

∂τc

}
− κβ

(
UH
pc − UL

pc

)
= 0, (16)

E : aHUH
E + aLUL

E + λ

{
τq

[∂QU

∂E
+
∂QR

∂E

]
+ τc

[∂CU

∂E
+
∂CR

∂E

]}

+ φ
(
UH
E − ÛE

)
+ µ

{
1− fu

∂QU

∂E
− fr

∂QR

∂E

}
− κβ

(
UH
E − UL

E

)
= 0, (17)

δT : λΠ+ λτq

[
∂QU

∂δT
+
∂QR

∂δT

]
+ λτc

[
∂CU

∂δT
+
∂CR

∂δT

]
− µ

{
fu
∂QU

∂δT
+ fr

∂QR

∂δT

}
+ κ = 0.

(18)

The terms denoting aggregate q consumption across regions, Qi for i ∈ {U,R}, are

defined in (4). The terms for aggregate c consumption across regions, Ci, are defined

analogously. The aggregate population share of high-type individuals is defined as

aH = αU
H + αR

H + αMβG
(
δT
)
, i.e., the sum of high-type individuals in urban and rural

areas and migrating individuals who become high-type. The aggregate population share

of low-type individuals is defined as aL = αU
L + αR

L + αM (1− β)G
(
δT
)
+
(
1−G

(
δT
))
αM ,

i.e., the sum of low-type individuals in urban and rural areas, migrating individuals who

do not become high-type, and individuals who do not migrate despite being low-type.

Finally, Π denotes the effect of a marginal increase in the migration threshold, δT , on

income tax revenues.

Compensated demand responses. For the proofs that follow, it is useful to define

the compensated demand responses associated with price changes. The compensated own-

and cross-price effects, for i ∈ {U,R}, are defined as:
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∂Q̃i

∂pq
= qH

∂Qi

∂zH
+ qL

∂Qi

∂zL
+
∂Qi

∂τq
,

∂C̃i

∂pc
= cH

∂Ci

∂zH
+ cL

∂Ci

∂zL
+
∂Ci

∂τc
,

∂Q̃i

∂pc
= cH

∂Qi

∂zH
+ cL

∂Qi

∂zL
+
∂Qi

∂τc
,

∂C̃i

∂pq
= qH

∂Ci

∂zH
+ qL

∂Ci

∂zL
+
∂Ci

∂τq
.

(19)

To illustrate more clearly how these expressions correspond to Slutsky-style compen-

sated demand effects, consider, for example, ∂Q̃U

∂pq
, the compensated effect of a change in

pq on aggregate q consumption in the urban area. Using the expression for QU provided

in (4), we can write:

∂Q̃U

∂pq
=

(
∂qH
∂zH

qH +
∂qH
∂τq

)(
αU
H +αMβG(δT )

)
+

(
∂qL
∂zL

qL+
∂qL
∂τq

)(
αU
L +αM(1−β)G(δT )

)
.

(20)

The first component of the expression above represents the compensated demand (substi-

tution) effect of a change in pq through urban high-types, while the second component

represents the corresponding effect through urban low-types. The remaining compensated

effects can be derived analogously.

The compensated effects of a change in the total level of the externality E can also be

defined in a Slutsky sense in a similar way:

∂Q̃i

∂E
= MWPH

E,z

∂Qi

∂zH
+MWPL

E,z

∂Qi

∂zL
+
∂Qi

∂E
,

∂C̃i

∂E
= MWPH

E,z

∂Ci

∂zH
+MWPL

E,z

∂Ci

∂zL
+
∂Ci

∂E
,

(21)

where MWP n
E,z = −Un

E/Un
z , for n ∈ {H,L}, represents the marginal willingness to pay of

an n-type individual for a marginal reduction in the externality.

To clarify the relationship of these expressions to Slutsky-style compensated demand

effects, consider the compensated effect of a change in E on urban q consumption, ∂Q̃U

∂E
,

as an illustrative example. Using (4), we can write:

∂Q̃U

∂E
=

(
∂qH
∂zH

MWPH
E,z+

∂qH
∂E

)(
αU
H+α

MβG(δT )
)
+

(
∂qL
∂zL

MWPL
E,z+

∂qL
∂E

)(
αU
L+α

M(1−β)G(δT )
)
.

(22)

The first term captures the compensated demand effect with respect to a marginal

change in E via urban high-types, while the second term captures the corresponding effect
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via urban low-types. The remaining compensated effects with respect to E can be derived

analogously.

Proof of Proposition 1. Rewrite (17) by using MWP n
E,z = −Un

E/Un
z for n ∈ {H,L},

ˆMWPE,z = −ÛE/Ûz and the definitions of aHUH
z and aLUL

z arising from (11) and (12):

−MWPH
E,z

{
λaH − λτq

[∂QU

∂zH
+
∂QR

∂zH

]
− λτc

[∂CU

∂zH
+
∂CR

∂zH

]
− φUH

z

+ µ

{
fu
∂QU

∂zH
+ fr

∂QR

∂zH

}
+ κβUH

z

}

−MWPL
E,z

{
λaL − λτq

[∂QU

∂zL
+
∂QR

∂zL

]
− λτc

[∂CU

∂zL
+
∂CR

∂zL

]
− φÛz

+ µ

{
fu
∂QU

∂zL
+ fr

∂QR

∂zL

}
− κβUL

z

}

+ λτq

[∂QU

∂E
+
∂QR

∂E

]
+ λτc

[∂CU

∂E
+
∂CR

∂E

]
− φMWPH

E,zUH
z + φ ˆMWPE,zÛz

+ µ

(
1− fu

∂QU

∂E
− fr

∂QR

∂E

)
+ κβMWPH

E,zUH
z − κβMWPL

E,zUL
z = 0.

(23)

Rearrange to get:

− λ
(
aHMWPH

E,z + aLMWPL
E,z

)
− λτq

{
−MWPH

E,z

∂QU

∂zH
−MWPH

E,z

∂QR

∂zH
−MWPL

E,z

∂QU

∂zL
−MWPL

E,z

∂QR

∂zL
− ∂QU

∂E
− ∂QR

∂E

}

− λτc

{
−MWPH

E,z

∂CU

∂zH
−MWPH

E,z

∂CR

∂zH
−MWPL

E,z

∂CU

∂zL
−MWPL

E,z

∂CR

∂zL
− ∂CU

∂E
− ∂CR

∂E

}

− µfu

{
MWPH

E,z

∂QU

∂zH
+MWPL

E,z

∂QU

∂zL
+
∂QU

∂E

}
− µfr

{
MWPH

E,z

∂QR

∂zH
+MWPL

E,z

∂QR

∂zL
+
∂QR

∂E

}
φÛz

(
ˆMWPE,z −MWPL

E,z

)
= −µ.

(24)

Notice that under a separable utility function, such as the one imposed in (8) of

Assumption 1, we have ˆMWPE,z −MWPL
E,z = 0. Using this and substituting (21) into

the expression above yields:

− λ
∑

n∈{H,L}

anMWP n
E,z + λτq

(∂Q̃U

∂E
+
∂Q̃R

∂E

)
+ λτc

(∂C̃U

∂E
+
∂C̃R

∂E

)
= −µ+ µfu

∂Q̃U

∂E
+ µfr

∂Q̃R

∂E
.

(25)

Dividing all the terms by λ and rearranging yields:

µ

λ
= σ

( ∑
n∈{H,L}

anMWP n
E,z − τq

∑
i∈{U,R}

∂Q̃i

∂E
− τc

∑
i∈{U,R}

∂C̃i

∂E

)
, (26)
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where 1
σ
= 1− fu

∂Q̃U

∂E
− fr

∂Q̃R

∂E
.

Substitute the expressions for optimal τq and τc from Proposition 2 (proofs below) into

the expression above and rearrange to get:

µ

λ
=

(
1− fu

∂Q̃U

∂E
− fr

∂Q̃R

∂E
+ (fuθu + frθr)

(∂Q̃U

∂E
+
∂Q̃R

∂E

))
. (27)

Let the preferences of individuals be represented by equation (8) in Assumption 1.

Then, the demand function for good q is given by qn = γq
zn
pq

for n ∈ {H,L}. Furthermore,

we have MWP n
E,z = −Un

E/Un
z = −1/(−1/zn) = zn under the same utility specification.

Using these results together with (4) and (19), it follows that ∂Q̃i

∂E
= Qi for i ∈ {U,R}.

Substituting this result, along with the definitions of θu and θr from Proposition 2, into

(27) yields the expression in Proposition 1. ■

Proof of Proposition 2. Multiply (11) by qH to obtain:

aHUH
z qH − λaHqH + λτqqH

[∂QU

∂zH
+
∂QR

∂zH

]
+ λτcqH

[∂CU

∂zH
+
∂CR

∂zH

]
+ φqHUH

z − µqH

(
fu
∂QU

∂zH
+ fr

∂QR

∂zH

)
− qHκβUH

z = 0.

(28)

Multiply (12) by qL to obtain:

aLUL
z qL − λaLqL + λτqqL

[∂QU

∂zL
+
∂QR

∂zL

]
+ λτcqL

[∂CU

∂zL
+
∂CR

∂zL

]
+ φqLUL

z − µqL

(
fu
∂QU

∂zL
+ fr

∂QR

∂zL

)
− qLκβUL

z = 0.

(29)

Use Roy’s identity, i.e., Un
pq = −qnUn

z and Ûpq = −q̂Ûz, to rewrite (15) as:

− aHUH
z qH − aLUL

z qL + λ(QU +QR) + λτq

[∂QU

∂τq
+
∂QR

∂τq

]
+ λτc

[∂CU

∂τq
+
∂CR

∂τq

]
− φqHUH

z + φq̂Ûz − µ
(
fu
∂QU

∂τq
+ fr

∂QR

∂τq

)
+ κβqHUH

z − κβqLUL
z = 0.

(30)

Summing (28), (29), and (30), using the fact that q̂ = qL due to separability in

preferences, and rearranging yields:

τq

{
qH

(
∂QU

∂zH
+
∂QR

∂zH

)
+ qL

(
∂QU

∂zL
+
∂QR

∂zL

)
+
∂QU

∂τq
+
∂QR

∂τq

}

+ τc

{
qH

(
∂CU

∂zH
+
∂CR

∂zH

)
+ qL

(
∂CU

∂zL
+
∂CR

∂zL

)
+
∂CU

∂τq
+
∂CR

∂τq

}

=
µ

λ

{
fu

(
∂QU

∂zH
qH +

∂QU

∂zL
qL +

∂QU

∂τq

)
+ fr

(
∂QR

∂zH
qH +

∂QR

∂zL
qL +

∂QR

∂τq

)}
.

(31)
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Next, following a procedure similar to the calculations above, I multiply (11) by cH and

(12) by cL, rewrite (16) using Roy’s identity, sum the resulting expressions, and rearrange

to obtain the following expression. The intermediate calculations are omitted for brevity.

τq

{
cH

(
∂QU

∂zH
+
∂QR

∂zH

)
+ cL

(
∂QU

∂zL
+
∂QR

∂zL

)
+
∂QU

∂τc
+
∂QR

∂τc

}

+ τc

{
cH

(
∂CU

∂zH
+
∂CR

∂zH

)
+ cL

(
∂CU

∂zL
+
∂CR

∂zL

)
+
∂CU

∂τc
+
∂CR

∂τc

}

=
µ

λ

{
fu

(
∂QU

∂zH
cH +

∂QU

∂zL
cL +

∂QU

∂τc

)
+ fr

(
∂QR

∂zH
cH +

∂QR

∂zL
cL +

∂QR

∂τc

)} (32)

The compensated demand responses introduced in (19) can be used to rewrite (31)

and (32), respectively, as:

τq
∑

i∈{U,R}

∂Q̃i

∂pq
+ τc

∑
i∈{U,R}

∂C̃i

∂pq
=
µ

λ

{
fu
∂Q̃U

∂pq
+ fr

∂Q̃R

∂pq

}
, (33)

τq
∑

i∈{U,R}

∂Q̃i

∂pc
+ τc

∑
i∈{U,R}

∂C̃i

∂pc
=
µ

λ

{
fu
∂Q̃U

∂pc
+ fr

∂Q̃R

∂pc

}
. (34)

The utility specification in (8) of Assumption 1 yields the demand functions qn = γq
zn
pq

and cn = γc
zn
pc

for n ∈ {H,L}. Using these expressions, together with the definitions of

compensated demand responses in (19), the expressions for Qi for i ∈ {U,R} in (4), and

the analogous expressions for Ci, it follows that the compensated cross-price responses

are zero: ∂Q̃i

∂pc
= ∂C̃i

∂pq
= 0. Substituting this result into (34) yields τc = 0.

Substituting τc = 0 into (33) gives:

τq =
µ

λ
(fuθu + frθr) where θu =

∂Q̃U

∂pq

∂Q̃U

∂pq
+ ∂Q̃R

∂pq

, θr =

∂Q̃R

∂pq

∂Q̃U

∂pq
+ ∂Q̃R

∂pq

. (35)

Under the demand functions qn = γq
zn
pq

and cn = γc
zn
pc

for n ∈ {H,L}, implied by (8),

together with the compensated demand response definitions in (19) and the definitions of

Qi for i ∈ {U,R}, it follows that ∂Q̃U

∂pq
= −1+γq

pq
QU and ∂Q̃R

∂pq
= −1+γq

pq
QR, i.e., compensated

demand responses are proportional to the corresponding demand levels. Substituting

these expressions into (35) yields the optimal τq reported in Proposition 2. ■

Proof of Proposition 3. I start by the derivation of the optimal marginal income

tax rate on the high-type, T ′(yH). Rearrange the first-order-conditions (11) and (13)
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respectively to write:

UH
z (aH+φ−κβ) = λ

{
aH−τq

[∂QU

∂zH
+
∂QR

∂zH

]
−τc

[∂CU

∂zH
+
∂CR

∂zH

]}
+µ

(
fu
∂QU

∂zH
+fr

∂QR

∂zH

)
,

(36)

UH
l

1

wH

(aH+φ−κβ) = −λ

{
aH+τq

[∂QU

∂yH
+
∂QR

∂yH

]
+τc

[∂CU

∂yH
+
∂CR

∂yH

]}
+µ

(
fu
∂QU

∂yH
+fr

∂QR

∂yH

)
.

(37)

Dividing (37) by (36) side-by-side, using that τc = 0 at the optimum and rearranging

yields:

UH
l

1
wH

UH
z

=
−λaH − λ∂QU

∂yH

(
τq − µ

λ
fu

)
− λ∂QR

∂yH

(
τq − µ

λ
fr

)
λaH − λ∂QU

∂zH

(
τq − µ

λ
fu

)
− λ∂QR

∂zH

(
τq − µ

λ
fr

) . (38)

Substitute in that MRSH
y,z =

UH
l

1
wH

UH
z

and rearrange to get:

MRSH
y,zλaH −MRSH

y,zλ
∂QU

∂zH

(
τq −

µ

λ
fu

)
−MRSH

y,zλ
∂QR

∂zH

(
τq −

µ

λ
fr

)
= −λaH − λ

∂QU

∂yH

(
τq −

µ

λ
fu

)
− λ

∂QR

∂yH

(
τq −

µ

λ
fr

)
.

(39)

Dividing both sides by λaH and using that (2), which implies T ′(yH) = 1 +MRSH
y,z

leads to:

T ′(yH) = − 1

aH

(
τq−

µ

λ
fu

)(
−∂Q

U

∂zH
MRSH

y,z+
∂QU

∂yH

)
− 1

aH

(
τq−

µ

λ
fr

)(
−∂Q

R

∂zH
MRSH

y,z+
∂QR

∂yH

)
.

(40)

Notice first that this expression can be grouped over − 1
aH

(
− ∂QU

∂zH
MRSH

y,z +
∂QU

∂yH

)
.

Moreoever, recall from (4) that QU =
∑

n∈{H,L} α
U
n qn + αMG

(
δT
)[
βqH + (1− β)qL

]
and

QR =
∑

n∈{H,L} α
R
n qn + αM

(
1− G(δT )

)
qL. At the same time, ∂qL

∂yH
= ∂qL

∂zH
= 0 under the

demand functions qn = γq
zn
pq

for n ∈ {H,L} implied by (8) of Assumption 1. Using these

expressions and rearranging yields:

T ′(yH) = −

(
−MRSH

y,z

∂qH
∂zH

+
∂qH
∂yH

){(
τq −

µ

λ
fu

)αU
H + αMG(δT )β

aH
+
(
τq −

µ

λ
fr

)αR
H

aH

}
(41)

Notice that αU
H + αMG(δT )β corresponds to the mass of high-type individuals in the

urban region, while αR
H corresponds to the mass of high-type individuals in the rural region.

Accordingly, define the shares of high-type individuals residing in the urban and rural

regions as Hu :=
αU
H+αMG(δT )β

aH
and Hr :=

αR
H

aH
(within the total mass of high-type, aH),

respectively. The demand function qH = γq
zH
pq

further implies that ∂qH
∂yH

= 0. Substituting
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these expressions into the previous equation yields the formula for the optimal T ′(yH)

presented in Proposition 3.

The derivation of the optimal marginal income tax rate on the low-type, T ′(yL), follows

analogous steps. Rearranging (12) and (14), and dividing the latter by the former in a

manner similar to (36), (37), and (38), while also taking into account that the optimal

τc = 0, yields:

UL
l

1
wL

UL
z

=
−λaL − λ∂QU

∂yL

(
τq − µ

λ
fu

)
− λ∂QR

∂yL

(
τq − µ

λ
fr

)
+ φÛl

1
wH

λaL − λ∂QU

∂zL

(
τq − µ

λ
fu

)
− λ∂QR

∂zL

(
τq − µ

λ
fr

)
+ φÛz

. (42)

Substitute in MRSL
y,z =

UL
l

1
wL

UL
z

and rearrange to get:

MRSL
y,zλaL −MRSL

y,zλ
∂QU

∂zL

(
τq −

µ

λ
fu

)
−MRSL

y,zλ
∂QR

∂zL

(
τq −

µ

λ
fr

)
+MRSL

y,zφÛz

= −λaL − λ
∂QU

∂yL

(
τq −

µ

λ
fu

)
− λ

∂QR

∂yL

(
τq −

µ

λ
fr

)
+ φÛl

1

wH

.

(43)

Dividing both sides by λaL and using T ′(yL) = 1 +MRSL
y,z implied by (2) yields:

T ′(yL) =
φ

λaL
Ûl

1

wH

− φ

λaL
ÛzMRSL

y,z −
1

aL

(
τq −

µ

λ
fu

)(
− ∂QU

∂zL
MRSL

y,z +
∂QU

∂yL

)
− 1

aL

(
τq −

µ

λ
fr

)(
− ∂QR

∂zL
MRSL

y,z +
∂QR

∂yL

)
.

(44)

Multiplying the first term by Ûz

Ûn
z
and using the definitions of the marginal rates of

substitutions, MRSn
y,z =

Un
l

1
wn

Un
z

and ˆMRSy,z =
Ûl

1
wH

Ûz
, leads to:

T ′(yL) =
φ

λaL
Ûz

(
ˆMRSy,z −MRSL

y,z

)
− 1

aL

(
τq −

µ

λ
fu

)(
− ∂QU

∂zL
MRSL

y,z +
∂QU

∂yL

)
− 1

aL

(
τq −

µ

λ
fr

)(
− ∂QR

∂zL
MRSL

y,z +
∂QR

∂yL

)
.

(45)

Following analogous steps to derive (41) from (40), we obtain from (45) the expression

for the optimal T ′(yL) reported in Proposition 3, where Lu :=
αU
L+αMG(δT )(1−β)

aL
and

Lr :=
αR
L+αM (1−G(δT ))

aL
denote the shares of low-type individuals residing in urban and rural

regions, respectively. ■

Proof of Proposition 4. Dividing all terms in (18) by λ, imposing the optimality

condition τc = 0, and rearranging yields the expression reported in Proposition 4. ■
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